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Glaciations have shaped landscapes through the history of Earth. Even during
the past 2.6 Ma, the planet has experienced at least 20 glacial periods. The most
extensive ones have occurred in the last 900 ka (Ehlers and Gibbard, 2007). Europe
has also witnessed more than 10 glacial periods in the past million years (Frakes
et al., 1992). Glacial periods have occurred frequently, however, from a geological
point of view, we often have information only from the latest glaciation. The reason
is that the glaciers erode the bedrock and remove the traces left by the earlier
glaciations (Benn and Evans, 2014). Terrestrial cosmogenic nuclide (TCN) dating
can be a key to find out more about the past glacial history. The conditions of the
past can be used to predict events in the future and therefore we need to know what
has happened before.
The climate is and has been, constantly changing. The global temperatures were
much higher 65 Ma ago than they are nowadays (Burke et al., 2018) but during Late
Miocene, the temperatures began to decrease (Zachos et al., 2001) (Figure 1). After
that, the Northern hemisphere has experienced numerous glacial periods (Pillans
and Gibbard, 2012). One of the major reasons for the change was the Milankovitch
Cycle (Shackleton and Hall, 1997). The cycle includes three different parts that
are related to the position of Earth; eccentricity, obliquity and precession (Wong,
2016). The change of eccentricity is the change of the shape of Earth’s orbit, and
its periodicity is about 100 000 years (Berger, 2001). The obliquity tells how tilted
is the axis of Earth. The angle varies from 21.5◦ to 24.5◦ in a period of 41 000
years. The precession is the direction of the rotation axis and its period is 21 000
years (Berger, 2001). These three parameters affect the amount of received energy
from the sun and therefore they also affect to the climate. The Milankovitch cycle
does not explain all the variation in the climate, but it has a remarkable part in it
(Wong, 2016).
Besides the climate, also glaciers are constantly changing and so is the bedrock
beneath. Subglacial erosion is shaping the bedrock by scoring and polishing it while
the glacier is moving (Benn and Evans, 2014). The abrasion removes bedrock, and if
the amount of removed rock is large enough, also the evidence of the past glaciations
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Figure 1. Historical temperature trends of Earth relative to 1961-1990 global means. Tempera-
tures have been higher in the past, but 45 Ma ago the trend began to decrease. The coldest period
was experienced about 20-100 ka ago. Adopted from Burke et al. (2018).
are removed (Li et al., 2005). There are still ways to study climate history and past
glaciations. The history can be studied with marine sediments or ice cores, but they
do not provide information on the local history (Ivy-Ochs and Briner, 2014). One
way to detect past events is TCN dating. It is based on the interaction between
cosmic rays from space and atoms in minerals, and it can be used to determine the
time when the bedrock has been exposed to cosmic rays. The effect of exposure to
the number of end products can be modelled and the model can be used to find out
the possible glaciation histories that the rock has faced. It is also possible to study
erosion caused by the glaciations because the glacier erosion affects also the number
of nuclides in the rocks (Ivy-Ochs and Briner, 2014).
TCN has been used to study landscape evolution (e.g. Heimsath et al., 2001; Placzek
et al., Placzek et al. (2010); Strobl et al., 2012). Due to the abrasive nature of
glaciers, they create fresh surfaces that are exposed to the cosmic rays after the re-
treat of the glacier. If the nuclides inherited from the earlier exposures are removed,
the surface can be used to date the time of the retreat (Balco, 2011). If the erosion
has been small, there are inherited nuclides that can be used to study earlier expo-
sures. A small amount of erosion and dating with two isotopes, can provide more
information of the complicated exposure histories. The amount of erosion controls
the information that can be found (Corbett et al., 2013).
2
1.1 Previous studies
The basic theory of terrestrial cosmogenic nuclide dating is relatively old. Grosse
(1934) came up with an idea of "cosmic radio-elements", which would explain the
unknown radioactivity of rocks. Davis and Schaeffer (1955) were the first ones to
apply the method in a geological setting. The target mineral was 36Cl since the
properties, like half-life, were suitable, and it was geochemically significant in the
target rocks. Davis and Schaeffer were interested in studying geological processes
during glaciations in Pleistocene. They assumed that because the half-life of 36Cl was
308 000 years, they could date events in the past million years. Davis and Schaeffer
calculated the age of a sample with measured activity, the weight of chlorine, and
the production rate. Still, erosion was not considered because the samples were
selected from areas where erosion was not significant. They measured an age of 24
000 years for an igneous rock sample from New Hampshire. That was promising,
but the method was not yet adopted by others. The main reason was that there
were limitations to calculate the activity at that time (Gosse and Phillips, 2001).
Lal and Peters (1967) presented the theoretical background for cosmogenic nuclides.
They focused mostly on nuclides in the atmosphere, but they also brought out some
new aspects to TCN and pointed out that the production in the lithosphere was
relatively small compared to the atmosphere. The authors suggested that TCN
could be used to study geophysical processes, for example, erosion, and the nuclides
might also be used to find out more about cosmic ray flux in the past and intensity
of stellar neutrinos. Lal and Peters stated that there had already been studies with
14C and that 10Be, 26Al and 36Cl could also be used in a similar way. They clearly
recognized the possibility of TCN, but the atmospheric and oceanic cosmogenic
nuclides received more attention at that time.
The development of accelerator mass spectrometry (AMS) increased the precision of
the measurements in the 1980s. The conventional mass spectrometry was functional
if the mass difference between isobars was large enough, about 84 000. The AMS did
not need as vast difference, and at that time, the difference of 200-400 was enough
to be detected. As a result, the sample size was reduced, and the sensitivity of the
measurement was increased (Elmore and Phillips, 1987). The possibilities of 10Be in
geosciences were utilized already back then. Klein et al. (1982) were able to detect
only 100 atoms g−1 in basalts. One of the first applications of in situ 10Be and the
ratio of 26Al/10Be was a study of the history of Libyan Desert glass together with
fission-track data. The main conclusions were that the exposure history was not
the same in different samples, which may have been caused by redistribution of the
glass during 100 ka period. (Klein et al., 1986).
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Kohl and Nishiizumi (1992) managed to improve and standardize the sample pro-
cessing so well that it is still in use in many places even today (for example Skov
et al. (2020) and Ceperley et al. (2020). They managed to remove the atmospheric
and meteoric component by dissolving at least 30% of a quartz sample, which was
meaningful for the further use of quartz. The method has been fine-tuned during
the years, but the basic principle is still the same.
The recent studies have used TCN in many ways, for example to date events like
rockslides (Hilger et al., 2019), deglaciations (Briner et al. 2016; Wirsig et al.
2016; Ceperley et al. 2020) and floods (Balbas et al., 2017), to study erosion rates
(Dühnforth et al. 2010; Margreth et al. 2016; Lehmann et al. 2020; Skov et al.
2020) and denudation (Strunk et al., 2017). In Fennoscandia, TCN has been mainly
used in dating deglaciation and history of Fennoscandian Ice Sheet (Rinterknecht et
al. 2004; Goehring et al. 2008; Cuzzone et al. 2016; Stroeven et al. 2016).
1.2 The aim of the study
This study aims to design forward and inverse modelling methods and software to
study the exposure and erosion histories of past glaciations. In forward modelling,
the nuclide concentrations are predicted with depth based on a glaciation history.
In inverse modelling, synthetic samples are used to produce plausible glaciation
histories that the samples may have experienced. Together these modelling methods
give information on how the sampling should be done, and how much does the erosion
affect to the TCN concentrations.
This thesis has three main chapters. Chapter 2 provides a theoretical background to
TCN. Chapter 3 describes the forward and the inverse model created for this thesis.
It also covers the details that are needed to understand how the models are run.
Chapter 4 presents the results for different types of models. There I will show that it
is possible to find out the timing of the Late Weichselian glaciation, but the Middle
and Early Weichselian are more challenging if there are no proper limitations set
for the models. I will also present that sampling with depth profiles will improve





2.1.1 Principle of TCN
TCN dating is based on the number of reaction products in minerals caused by
the bombardment of cosmic rays. Minerals have elements that interact with cosmic
rays, creating a reaction that produces new elements, which can be analysed. The
number of products is proportional to the time that the rock has been exposed to the
rays (Dunai, 2010). Cosmic rays are not actual rays, i.e. electromagnetic radiation,
but neutrons that interact with elements in the Earth. Most of the sources of these
neutrons originate inside the Milky Way galaxy, but a small part of the sources
are from outside of our galaxy. Primary radiation produces stable and radioactive
elements in the rock, while the secondary radiation produces particles before they
interact with the rock (Gosse and Phillips, 2001).
There are over 20 different cosmogenic nuclides that are used in the measurements.
They can be separated into two groups; stable and radioactive isotopes. The stable
isotopes are noble gases like 3He or 36Ar. The radioactive isotopes include, for
example, 10Be and 14C. The most important nuclides in terrestrial applications are
3He, 21Ne, 22Ne, 10Be, 26Al and 36Cl because of their low geological background and
their abundance in accessible minerals and rocks (Dunai, 2010).In the case of 10Be,
the basic primary reaction is caused by 16O and neutrons, producing 10Be, 3He and
α particle. It is also possible to produce protons and neutrons instead of 3He and α.
Dunai (2010) also presents other possible elements that interact with cosmic rays,
most frequently 14C, 26Al and 36Cl. 26Al is often used in the measurements, and it is
the end result of a reaction between a neutron and 28Si (Gosse and Phillips, 2001).
Dunai (2010) defines six conditions that should be fulfilled if TCN dating is going to
be applied successfully. (1) The target element is uncommon in geological materials.
This is important because if the element has many sources, it is hard to detect which
of the atoms have been formed because of cosmic rays and which have formed in
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some other way. (2) The element is stable or has a long half-life. If the half-life
is short, a significant amount of element is decayed before the measurements. The
time scale studied with cosmogenic nuclides is thousands of years, so also the half-life
should be longer than that. (3) Natural disturbances, like geological background,
can be determined analytically. (4) The production mechanism is well-known. (5)
The analysis of the nuclide is possible. (6) The element is contained in common
minerals, which are easily accessed.
2.1.2 Production of cosmogenic nuclides
There are several ways to produce cosmogenic nuclides. Neutron spallation is the
most important one of them (Dunai, 2010). There high-energy neutrons interact
with target nuclei (like 16O or 28Si) and produce neutrons, protons and a lighter
nucleus (like 10Be or 26Al). The most common reactions are presented in Table 1.
Another significant reaction is negative muon capture. There the nucleus catches
electrons, which have fallen into a lower electron shell because the electrons have
captured the negative muon (Dunai, 2010). This reaction is not as frequent as
spallation but is significant in deeper depths (Gosse and Phillips, 2001) (Figure 2).
Muogenic reactions produce 2% of 10Be and 2.1% of 26Al in total. At a depth of 3
m, muogenic reactions and spallation produce an equal amount of 10Be; thus, the
muogenic part cannot be ignored (Dunai, 2010).
One of the conditions to be filled was the presence of the isotope in the minerals. To
be a useful element in TCN dating, the element must occur in common minerals of
Earth. 14C and 26Al can be extracted from quartz and 10Be also from olivine, mag-
netite and possibly from plagioclase (Gosse and Phillips, 2001). 36Cl is commonly
found from feldspars or carbonates (Dunai, 2010).
There are also other ways to produce TCN, but they are not as significant in the
production of 10Be and 26Al as neutron spallation and negative muon capture. Fast
muons produce secondary neutrons with high energy, and this process is significant
at deep depths (Dunai, 2010). Thermal neutron capture produces TCNs when the
velocity of neutrons is decreased. This reaction does not typically produce either
10Be or 26Al (Dunai, 2010).
The number of produced atoms also depends on other things than the production
path. The flux of cosmic rays is not constant; it varies both spatially and temporally
(Beer et al., 2002). The geomagnetic field acts as a shield that prevents approaching
particles, and its strength depends on the latitude and time. The efficiency of
the shield also depends on the properties of the particles like an electric charge,
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Figure 2. Spallation and muogenic production of 10Be with depth. The spallation reactions are
more important near the surface, but the muogenic production becomes more important after 2.8
m. Adopted from Gosse and Phillips (2001).
energy and the angle of inclination. (Masarik and Beer, 1999). The production
rate increases with latitude. The highest value is reached after 60◦. The magnetic
field is inversely proportional to latitude; therefore, when the intensity of the field is
decreased, the production rate is increased (Masarik and Beer, 1999). The magnetic
field has varied in the past, but its effect on the production rate also depends on
the latitude. The variance has a larger impact at low latitudes than it has in mid
or high latitudes (Gosse and Phillips, 2001).
The production rate depends on altitude. The increase in the production rate is
approximately exponential in the first 4 km above sea level. After that, the increase
is not as steep (Masarik and Reedy, 1995). The solar-cycle changes the production
Table 1: Production reactions. Adapted from Dunai (2010).
Isotope Spallation reaction Negative muon capture
10Be 16O(n,3He α)10Be 16O(µ−,α pn)10Be
16O(n,4p3n)10Be 28Si(µ−,x)10Be
28Si(n,x)10Be




rate too. For solar minimum, the production rate increases by a factor of 1.49 while
with solar maximum, it decreases by factor 0.63 (Masarik and Reedy, 1995).
Locally the production rate can be disturbed by shielding, which may prevent some
of the cosmic radiation. If the sampling site is on a sloping surface, the angle and
the direction of the slope affect the arriving ray flux. That is called topographic
shielding (Gosse and Phillips, 2001). In mass shielding, there is a solid mass that
prevents radiation. It can be vegetation, soil, snow or anything that blocks the rays
temporarily or permanently (Dunai, 2010). The effect of shielding in spallogenic
reactions is:
fcover = e−zρ/Λ, (2.1)
where z is the thickness of the cover, ρ is the density of the cover and Λ is the
attenuation coefficient (Dunai, 2010). The snow coverage is a special case of mass









where zsnow is the average monthly snow depth, zsample is the height of the sampling
point above the land surface (e.g., in case of a boulder) and ρsnow is the average
monthly snow density (Gosse and Phillips, 2001).
2.1.3 Age determination
The age determination with cosmogenic nuclides usually refers to the dating of either
exposure or burial age, but it can also involve the determination of erosion or uplift
rates. The exposure dating is determining the time when a surface was exposed to
the cosmic rays. This surface can be formed by deposition, erosion or endogenic
forces (Dunai, 2010). The exposure dating has been successfully applied in many
different settings such as alluvial fan deposits (Dühnforth et al., 2007), moraine
boulders (Putkonen and Swanson, 2003), deltaic deposits (Ciampalini et al., 2015)
and mass movement events (Soldati et al., 2018). The erosion rate can be detected as
a part of exposure age dating if the measured age is treated as a minimum exposure
age. To find both the exact exposure age and the erosion rate, the measurements
must be done at least with two nuclides (Dunai, 2010). In burial dating, there is a
sample that has been exposed previously, but is now shielded from rays. It can be
applied in dating cave sediments (Häuselmann and Granger, 2016), in archaeological
studies (Granger et al., 2015) or in debris covered glaciers (Mackay and Marchant,
2016) for example.
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The dating is a complicated process, but the main structure of the method and
techniques have remained relatively similar to the process presented by Kohl and
Nishiizumi (1992). The first step of the dating process is sampling, which is the most
critical step because if it is done incorrectly or the sampling site is not ideal, the
results may not be reliable or accurate (Ivy Ochs, 1996). The sampling site should
have experienced the event, which is tried to be dated, while still being stable and
exposed. Typically the samples are from a surface of the bedrock or from a boulder.
The amount of rock needed depends on the rock type and the mineral used in the
dating. For example, 0.5-1 kg of granitic rock can have 50 g of quartz, which may
be enough in 10Be or 26Al dating (Ivy Ochs, 1996).
After the collection, the samples are prepared for the measurements where the
amount of cosmogenic nuclide is determined. To succeed with that, the nuclide
must be extracted from the mineral, and the mineral must be separated from the
rock sample (Dunai, 2010). Typically mineral processing includes crushing, sieving
and separation. Crushing can be started with a sledge hammer and continued with
a jaw crusher (Ivy Ochs, 1996). The target grain size is under 2 mm, but the ex-
act size varies from 250-350 µm (Gosse and Phillips, 2001) to 1-2 mm (Ivy Ochs,
1996) and depends on the isotope that is going to be used and the grain size of the
mineral. The separation of minerals can be done with magnetic separation (e.g.,
Franz magnetic separator), density-based separation (e.g., heavy liquid separation),
hand picking of the wanted grains or with chemical dissolution (Gosse and Phillips,
2001). The final step of the sample processing is to extract the nuclide from the
mineral. The procedure of nuclide extraction depends on the chosen mineral and
isotope, but commonly the sample is treated several times with different acids (like
HF, HNO3 and HCl). Eventually, the sample is dried in the heat, mixed with copper
and pressed into target holders (Ivy Ochs, 1996).
Accelerator mass spectrometry (AMS) is used to measure the abundance of nuclides
in the sample. AMS does not measure the exact number of the isotope but a
ratio between two isotopes. The main principle is to extract ions from the sample,
accelerate them and then separate them based on the atomic mass. The separation
is done with a uniform magnetic field which is perpendicular to the plane of motion.
The field affects the ion, and its path will curve. The lighter ions curve more than
heavier ones, which can be detected.
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2.1.4 Cosmogenic nuclide age calculators
The exposure age can be used to determine when the surface has been exposed to
the cosmic rays. It can be calculated analytically from:

















where N is the number of nuclides, S is a shielding parameter, Ji is a production
coefficient of production path i,  is the erosion rate, Λ is attenuation length, λm is
the decay constant of isotope m, z is depth and t is the exposure time (Gosse and
Phillips, 2001). Equation 2.3 can be simplified in special cases like if the sample is
taken from the surface (z = 0) or there is no erosion ( = 0). The shielding param-
eter depends on elevation, latitude, topography and coverage, and the production
coefficient considers the production rate and the path constants. The number of
nuclides increases with time and decreases with depth. The decrease is caused by
the production rate, which also decreases with depth (Gosse and Phillips, 2001).
The production rate of 26Alis over six times larger than the production rate of
10Be(Balco et al., 2008). The larger production rate leads to a higher number of
produced nuclides, even if the exposure time would be the same.
Equation 2.3 is not the only form used in calculations, and thus another way is pre-
sented in section 3.1. To make the calculations easier, the researchers have published
age calculators. The original CRONUS calculator is an exposure age calculator in-
vented by Balco et al. (2008). The calculator was built because there was not a way
to compare age results from different studies. The goals of the calculator were to
create accurate and precise results and standardize the scaling models. The calcu-
lator has a free web interface provided by the University of Washington. Version 3
provides exposure ages, erosion rates and calibration of production rates for nuclides
3He (pyroxene, olivine), 10Be (quartz) and 26Al (quartz). It is currently under devel-
opment for 3He, 14C and 21Ne in quartz. To calculate the exposure age, the user must
give some information related to the sample, sampling site and nuclide concentra-
tions. The needed data is a sample name, a latitude, a longitude and elevation (m)
or pressure (hPa) of a sample site, elevation/pressure handling flag, a sample thick-
ness and a density, a shielding correction, an erosion rate (independent evidence,
cm a−1), and a date of a sample collection. The calculator also needs the type of
the used mineral, measured nuclide concentration and uncertainty (atoms g−1), and
the name of standardization. The output provided includes different exposure ages
with uncertainties for three different scaling schemes.
There are also newer versions of the age calculator. Marrero et al. (2016) extended
the calculator of Balco et al. (2008) to have also a multi-sample depth-profile cal-
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culator and a single-sample surface exposure age calculator for multiple isotopes.
The extended version can also calculate erosion rates, and in addition, it has several
calibration options to choose from. The base of the program is the prediction of
concentration at a certain depth and time.
2.1.5 Paired nuclides
The limitation of a single nuclide is that both the age and the erosion rate can not
be determined at the same time. If the surface has been eroding, the minimum age
estimate can be discovered, but not the exact age. Since the nuclide concentration
depends at least two independent variables (Equation 2.3), there must be measure-
ments at least with two isotopes to find values for both variables. This method is
called paired nuclides.
Paired nuclides can be used to calculate exposure and burial histories and to find out
erosion rates(Bierman et al., 1999). The most typical pair is 10Be and 26Al because
they have different half-lives, which is an advantage when the complete glaciation
history is estimated. During the burial, the isotope ratio depends only on the half-
lives, but during the exposure, it is also controlled by the production rate (Strunk
et al., 2017). The nuclide data, collected during the past decades, is mostly from
bedrock surfaces (Knudsen and Egholm, 2018), but a similar idea can also be used
with samples from different depths. 10Be and 26Al can be measured from the same
sample, and the single-nuclide calculations of exposure ages and erosion rates can
be done based on the measurements. Even if the results are consistent, the exact
exposure history can not be determined. If the results are differing and 10Be age is
older than 26Al, the sample has experienced a shielding during the exposure, which
could have occurred during the initial exposure or after it (Bierman et al., 1999).
The possible exposure and burial times can be found from Equation 2.4 if it is




[1− e−λte ]e−λtb , (2.4)
where N is the amount of nuclide, P is the production rate, λ is the decay constant,
te is exposure time and tb is burial time (Bierman et al., 1999). The minimum total
time of exposure is the sum of the exposure time and the burial time.
The production rate ratio of 10Be and 26Al is known to be 6.75 (Balco 2008, Knude-
sen 2018). Lately, there has been discussion if the ratio is not known as well as it
was thought before. Corbett et al. (2017) presented several reasons why the ratio
is still uncertain. (1) There are not as many measurements of 26Al than there is
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with 10Be, and therefore the production rate of 26Al is not known as well. (2) The
standards of the measurements have changed during the years, but the used val-
ues are not always presented, which causes uncertainty. (3) Muon interaction may
cause a higher ratio than just a spallation reaction. (4) Estimating production ratios
have uncertainties. Corbett et al. (2017) measured 24 samples from high latitudes
(61–77 ◦N) in Greenland. The measured ratio for summed spallogenic/muogenic
reactions was 7.3 ± 0.3, and the ratio for spallation-only was 7.25. They both are
significantly higher than previously used 6.75. Corbett et al. (2017) discussed that
might be explained by high latitudes, but it needs to be studied further before any
conclusions.
There are also other pairs or groups of nuclides that are used in the measurements.
The pilot study of Wirsig et al. (2016) presented a new combination of 10Be, 14C and
36Cl. In the article, they discuss whether the burial and erosion history of Grueben
glacier in the Swiss Alps can be studied with those three isotopes. They present a
theoretical model that predicts what kind of ages are measured in three different
situations. If the exposure has been continuous, apparent ages are the same for all
isotopes. If there has been a short burial, 14C should show younger apparent ages,
and if there has been both burial and erosion, 14C ages should be the youngest and
36Cl should be the oldest. The authors found out that the study with these three
isotopes was proved to be useful. They pointed out that using three isotopes reduces
the number of assumptions made of the history of the area and that the assumptions
can also be tested with this kind of study. Multiple nuclides provide more reliable
results of temporary burial and depth of erosion than one nuclide study.
2.1.6 Scaling schemes
Scaling schemes are used to normalize measurements, and they are needed to neu-
tralize the differences, such as elevation, latitude and the slope of the surface, in
the sampling sites (Gosse and Phillips, 2001). Typically the schemes are scaling
the reference production rate at the sample sites because there are different types
of production and time-dependent changes in the rates (Balco et al., 2008) and the
production rates also depend significantly on the location of the sampling site (Gosse
and Phillips, 2001). Scaling models are based on the measured data from the sample
sites. There are two different ways to do the scaling: (1) the model is based mostly
on the neutron monitor data or (2) the model is based both on the data from neutron
monitors and from nuclear decay in photographic emulsions. Assumed conditions of
all scaling models are at the sea level and high latitude (SLHL) (Lifton et al., 2014).
There are several different schemes, and Balco et al. (2008) present five of them
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that can be selected in the CRONUS calculator (presented in section 2.1.4). The
simplest one, called "St" model, is based on Stone (2000) and Lal (1991). It takes
into account variation in the spallogenic production rates caused by latitude and
atmospheric pressure, but the production rate is assumed not to be depending on
time. The problem with the model is that it does not work well in high geomagnetic
latitudes, and it underestimates altitude dependence (Lifton et al., 2014). Three
other scaling models, Dunai (2001) ("Du"), Lifton et al. (2005) ("Li") and Desilets
et al. (2006) ("De") are also mostly based on the model of Lal (1991), but there are
some major differences when compared to the St model. They consider elevation
dependence and changes in the magnetic field or solar activity. The fifth model
("Lm") is also based on the model of Lal, but it also contains a paleomagnetic
correction from Nishiizumi et al. (1989). The problem with these four models is
that they overestimate the altitude dependence.
The newest model, LSD (Lifton et al., 2014), differs significantly from the previous
models. It is analytical, and therefore it is not based on measurements. The model
is time-dependent and considers both the magnetic field and solar activity (Marrero
et al., 2016). It was created to predict scaling better, and it provides scaling for
each nuclide separately (Lifton et al., 2014).
2.2 Glaciations in the northern hemisphere
There have been several glaciations in the northern hemisphere since the Late Pleis-
tocene (Figure 3). In Europe, there have been three major glaciation periods; Early,
Middle and Late Weichselian, while in North America, the same periods are known
as Early, Middle and Late Wisconsinan glaciations (Ehlers and Gibbard, 2007). In
Europe, the Weichselian glaciations were less extensive than the glaciations during
the Pleistocene, but in North America, the difference was not large (Ehlers and
Gibbard, 2007). The last glacial maximum (LGM)is typically determined from sea-
level records. The problem with the records is that the sea-level can be the same
when the global ice sheet has grown to its maxima and when the local ice sheet is
temporally varying. However, the TCN has been used to date the global ice sheet
extent. LGM was reached about 26.5 ka ago, and the ice began to retreat about 19
ka ago (Clark et al., 2009).
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Figure 3. Glaciation history of northern hemisphere during the last 130 ka. Adapted from Frakes
et al. (1992).
2.2.1 Glaciation history of Finland
During Pleistocene, Finland experienced many glaciation cycles. Johansson et al.
(2011) have gone through the most important ones. During Saalian stage glacia-
tion in Middle Pleistocene (ca. 130 ka) whole Finland had was covered with ice.
Later during the several Weichselian glaciations in Late Pleistocene, the glaciation
coverage was not as extensive (Figure 4). Lapland has experienced more glaciations
than southern Finland. The most important ones in southern Finland are First
Mid-Weichselian (ca. 75-60 ka), Second Mid-Weichselian (ca. 50-35 ka) and Late
Weichselian (ca. 25-10 ka). Southernmost Finland did not experience the Second
Mid-Weichselian. Although Finland has experienced several glaciations, the land-
scape is shaped particularly by Late Weichselian glaciation (Ehlers and Gibbard,
1996).
The timing of the deglaciation is dated with several different methods. One of
the most popular has been varved dating (Saarnisto and Saarinen, 2001). The
deglaciation is also dated by thermoluminescence, optically stimulated luminescence
and 14C dating (Mäkinen, 2005) and by using cosmogenic nuclides (Tschudi et al.,
2000; Rinterknecht et al., 2004).
After the Late Weichselian, the sea level was higher than nowadays due to the
glacioisostatic compensation. Even though the margin of the retreating glacier was
at the location of the present First Salpausselkä esker in southern Finland at 11 ka
ago, there were not many exposed rock surfaces between the glacier and the south
coast (Björck, 1995). In addition to postglacial land uplift effects, the sea level began
to rise after the connection to the ocean was closed about 10.8 ka ago (Tikkanen and
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Figure 4. Glaciation history of Finland. Adopted from Johansson et al. (2011).
Oksanen, 2002). For example, Helsinki was covered with 115 m of water (Tikkanen
and Oksanen, 2002), which would mean that the surface was not exposed to the
cosmic rays, even though it was no longer covered with ice. The exposure history
can be estimated from the sea level history, the geodetic and geological land uplift
history and the present day topographic altitude (Tikkanen and Oksanen, 2002;
Poutanen and Steffen, 2015). The typical attenuation coefficient is 160 g cm−2, and
thus the attenuation length in granite (2.7 g cm−3 ) would be 59 cm and in water
160 cm (Gosse and Phillips, 2001).
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3 Methods
The purpose of the modelling is to re-create real life phenomena in a smaller, and
usually in a simpler, scale. With models, we can study how different factors affect
the phenomenon and understand relations between those factors. In this thesis, I am
modelling the concentrations of cosmogenic nuclides with depth while trying to find
out if this model can be used to predict the possible glaciation histories based on
the concentrations. I am also going to study if we could use this model to determine
erosion caused by the glaciers during glaciations. The Python scripts are available
at https://github.com/lylamell/master-thesis.
According to Aster and Thurber (2013) if we have an equation
G(m) = d, (3.1)
the forward model uses a known model or parameters, m, to find some kind of data,
d. The inverse model is the opposite of that. There d is known, and it is used to
solve m. In this thesis, the forward model predicts concentrations based on a given
glaciation history, while the inverse model predicts glaciation histories based on the
nuclide concentrations. To get variation to the solutions, noise () can be added to
the true solution
d = G(mtrue) +  (3.2)
Noise can be, for example, an estimated error of depth or sample thickness.
3.1 Theory
The base of the model is the idea of decreasing nuclide concentration with depth.
The cosmic rays are attenuated by the bedrock because the rays interact with atoms
in rocks and lose their energy (Dunai, 2010). The basic equation for surface concen-
trations is defined by Vermeesch (2007)
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where t is exposure time (a),  is constant erosion rate (m a−1), τ is burial time
(a), P is production rate (atoms kg−1 a−1), λi is the decay constant of isotope m
(a−1), Si is scaling factor, Fi is relative production and ρ is density (kg m−2). The
subscript i refers to the production path. Scaling factor is defined as
Si = e−x/Λi = e−zρ/Λi , (3.4)
where x is the thickness (g cm−2), but it can be handled as a product of depth (m)
and density (kg m−3). The density of the bedrock is assumed to be 2650 kg m−3.
If there is no burial, τ can be set to zero. The number of nuclides of one isotope as
a function with depth is a combination of Equations 3.3 and 3.4










Equation 3.5 is used to model nuclide concentrations with depth, and it also takes
into account muons, which have a large effect in deeper depths.
After radioactive decay, the number of nuclides left is determined with basic decay
equation
N = N0e−λisotopet, (3.6)
where the N0 is the initial number of the isotope, λisotope is the decay constant of
the isotope and t is the duration of the decay (Braun et al., 2006).
3.2 Forward model
The effect of a glaciation history on the nuclide concentrations is modelled with a
forward model. The concentration depends on the periods of exposure and shield-
ing. During the exposure, the concentration increases because the cosmic rays are
interacting with the atoms in rocks and producing new elements. During the shield-
ing, these new elements are not produced, because the ice coverage is attenuating
the rays and preventing the interaction. The produced elements are decaying during
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the shielding, but the effect is not large if the half-lives of the produced elements
are much larger compared to the duration of shielding.
The periodicity of exposure and shielding is used in the forward model. The model
is based on the equations 3.5 and 3.6 and considers four possible production paths;
neutron, fast muon and two different slow muons paths. It is possible to use the
model with three isotopes, 10Be, 14C and 26Al. The flowchart of the model is pre-
sented in Figure 5, which covers all the steps to produce a forward solution.
Start
Define isotope related 
parameters
Calculate concentration after 
exposure
Calculate concentration after 
glaciation
Move values upwards, 













Take next glaciation cycle
Yes
No
Figure 5. Flowchart of the forward model
There are three major steps in the model. The first one is the calculation of the
number of nuclides after the first exposure. The first exposure is the exposure
occurred the longest time ago. In the case of glaciation history presented in the
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inset figure of Figure 6, the first exposure is between 25 and 35 ka. The second
step is the calculation of the number of decayed nuclides during the glaciation, in
Figure 6, between 10 and 25 ka. Finally, in the third step, the model takes into
account possible block erosion caused by the glaciation. The assumption is that the
glacier breaks off the top part of the bedrock during the glaciation. All the remained
nuclides are moved upwards as the amount of erosion. This three-step loop can be
repeated as many times as needed. The very last step is the calculation of the
number of nuclides after the most recent exposure. To complete the series of steps
successfully, the required input parameters are the isotope, time arrays for starting
time of deglaciations and glaciations and the amount of erosion. Other values like
the density of the bedrock, the vertical attenuation length of different production
paths or half-lives of different isotopes are treated as constants, and their values are
already included in the code. Input and output values are described in Table 2. The
example of the concentration curves of 10Be and 26Al is showed in Figure 6.
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Figure 6. 10Be and 26Al concentrations as a function of depth with the glaciation history (inset
figure) of two exposure periods. The total exposure time is 20 ka. The concentration of 26Al is
higher than 10Be concentrations, and they both decrease rapidly with depth.
Nuclide concentrations depend on the modelled isotope and depth (Figure 6). Even
though the glaciation history is the same for all isotopes, the relative production
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Table 2: Input and output variables in the forward model
Input
Variable name Description Unit Example Type Note
isotope Used isotope. 1 Integer
1 10Be, 2 26Al,
3 14C
time_ice Ice coverage ka [25,0] NumPy array
starting time
time_degla Deglaciation ka [35,10] NumPy array
starting time
block_erosion Erosion at the m [2] NumPy array Length 1 value
deglaciation shorter than
time_degla
const_erosion Constant erosion cm a−1 0.3 Float
Output
N_final Nuclide atoms [6e7,...,1e4] NumPy array
concentration in kg of
quartz
z Depth m [0.0,...,10.0] NumPy array
(Table 3) and the production rate is not (Table 4). 10Be is produced more by
neutrons, while the 26Al has higher production in muonic paths. The production
rate of 26Al is 6.76 times higher than the production rate of 10Be. 26Al is produced
more near the surface of Earth than 10Be.
Table 3: Values of path parameters used in the forward model. Adapted from Vermeesch (2007).
Neutrons Slow muons Slow muons Fast muons
Attenuation 160 738 2688 4360
length Λi (g cm−2)
Relative 0.9724 0.0186 0.004 0.005
production Fi (10Be)
Relative 0.9655 0.0233 0.005 0.0062
production Fi (26Al)
Relative 0.83 0.0691 0.0809 0.02
production Fi (14C)
20
Table 4: Values of constants used in the forward model.
Production rate Reference Half life Reference
(atoms g−1 a−1) (a)
10Be 3.95 Stroeven et al. (2015) 1 387 000 Korschinek et al. (2010)
26Al 26.71 Stroeven et al. (2016) 705 000 Nishiizumi (2004)
14C 15.5 Miller et al. (2006) 5730 Dunai (2010)
3.3 Inverse model
The inverse model is based on the forward model. It calculates the possible ice
coverage histories when the concentration and the depth of a sample are known. It
can handle samples from several depths. In this thesis, the inverse model is used in
a synthetic case, where the samples are taken from the forward model.
The steps in the inverse model begin with the calculation of an acceptance box
(Figure 7). The box is defined based on the nuclide concentration and thickness of
the sample. In a synthetic case, the samples are created from the forward model,
and each sample forms its own box. After that, a new forward model is calculated
by using random times for glaciations. These times are possible inverse solutions. If
the concentration curve, based on the glaciation times, goes through the acceptance
box (Figure 7) for all of the samples, the times are accepted as a possible inverse
solution, and the misfit value is calculated. The inverse model returns arrays that
contain information on the tested times and their misfit values. If the model is not
accepted, the misfit value is not calculated at all because the calculation of the misfit
value is based on the similarity of the curves inside the acceptance box. All of the
steps are also presented in Figure 8.
The needed information to calculate the inverse model is provided in Table 5. At this
point, the inverse model uses synthetic samples from the forward model. Therefore
the deglaciation and glaciation times are needed as input values even though the
forward model is used as a real sample.
It is possible to choose the times for the inverse model randomly. It requires that the
maximum number of deglaciations is defined as the complexity of the model. The
random times generator produces time combinations that are tested for the solution.
As input values, generator needs the complexity of the times that are looked for, the
maximum and minimum times for the solution and if there is some other conditions
for the duration of one glaciation or the duration between glaciations. Here it is
assumed that the duration for both glaciation and interglacial period can be the
same, and its default value is set to be 0.5 ka. Also, the lower limit for the time has
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Figure 7. Acceptance box is formed from the thickness of the sample and corresponding nuclide
concentration values. Models are accepted if they cross the orange box. Grey dash-dotted curves
are not accepted, but the blue dashed curves are. The red solid curve is the reference curve.
a default value of 0. The random times generator then finds times that fulfill the
conditions. The generator sets the exposure times first, and after that, it will set the
glaciation times between the known exposure times. If the complexity is set to be 3,
it will find time ranges with three deglaciation events. Finally, the generator tests
that the chosen times pass the conditions for the durations. If it does not pass it,
the times are generated again. When the chosen times are good enough, the output
is two arrays of deglaciation and glaciation starting times that are then used in the
inverse model.
Models are accepted if their concentration curve goes through a box which size
depends on the error of depth (Figure 7). The error can be chosen manually, and it is
one of the parameters needed to run the inverse model. Each sample has its own box,
and to be accepted, the curve must pass through all of them, which means that it
must be accepted at every sample depth. The model is rejected if the curve does not
pass all of the boxes. For example, Figure 7 has a sample from a depth of 0.1 m with
an error of ±0.1 m. The error is the same thing as the sample thickness. The box is
formed based on the depth error by finding the corresponding concentration values
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Figure 8. Flowchart of the inverse model
form the corners of the acceptance box. The other two corners are formed based
on the now known maximum and minimum concentration values and the maximum
and minimum depths. If the first two corners are maximum depth and maximum
concentration, and minimum depth and minimum concentration, then logically, the
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other two are minimum depth and maximum concentration, and maximum depth
and minimum concentration.
The models that are fitted to the reference model can have one to four exposure
periods. The model with one exposure contains only one deglaciation after infinite
glaciation, and therefore it has only one exposure period. That model can not have
erosion since it would not matter because there are no inherited nuclides. It also
does not have any additional glaciation periods. Similarly, two exposure model
has two deglaciations and two exposure periods between glaciations. It can have
erosion only once at the last deglaciation. Between the two deglaciations, it has one
glaciation. The number of erosions and glaciations are then always one smaller than
the number of deglaciations. With the same patter, three exposure models have
three deglaciations, three exposure periods, two glaciations and two erosions. Four




There are several ways to define how well a curve fits another curve or discrete
data points. One way is the Chi-Squared test, which tests how well expected values
represent observed values. Taylor (1997) presents the base for the Chi-Squared test
by focusing on the difference between expected and observed values.
Oi − Ei (3.7)
where Oi is the observed value in bin i, and Ei is the expected value in bin i. If the
difference is small, the fit should be better than if it would be large. The difference
must be normalized so that the fit would be more exact and more easily to be
compared to other fit values. It is assumed that the observed values will fluctuate
around the expected value with a standard deviation of
√
Ei, which is the expected




Probably some of the observed values will be smaller than the expected value, while
some of them will be larger. To cancel the effect of positive and negative numbers,















where the n is the total number of bins. If the observed and expected values are the
same, the value of chi-squared will be zero.
A modified version of chi-squared can also be used. There instead of eliminating the
effect of positive and negative values by squaring, they are eliminated with taking
















The n, in this case, is the number of samples taken, and N is the number of points
compared. This method compares two curves, forward and inverse solution, to each
other and normalizes it with the number of points. Its benefits are that (1) it takes
into account the average distance of the curve and the sample, and (2) it also works
in a situation where the depth of the sample and the curve is not exactly the same.
The first benefit is important because then the misfit value is truly based on the
distance between the sample point and the curve. The second benefit is significant
since the number of points compared from the curve is not constant. The curve may
pass the acceptance box briefly, and then the number of data points inside the box
is small. Then if that is compared to another solution that has more data points
inside the box, the misfit value will be poorer even if the fit would actually be better.
An example of the misfit is presented in Figure 9. The forward model contains one
exposure 10 ka years ago. The inverse model uses one 20 cm thick sample at a depth
of 0.1 m, the same situation as in Figure 7. The best misfit value is gained at the
correct exposure time 10 ka. The age range of accepted models varies from 7.3 ka
to 13.7 ka, which means that the error of the acceptance is asymmetric. There are
more accepted models with higher ages than the best fitting age. The asymmetry
is due to the curvature of the concentration curves and the shape of the acceptance
box (Figure 7).
3.5 Realistic glaciation history
Realistic glaciation history contains two exposure periods, one between 25 and 35
ka ago and the second from 10 ka to the present day. The total exposure duration
is the sum of interstadials and time since deglaciation, and its value is 20 ka in
this history. It is assumed that before 35 ka, there has been only ice coverage,
Second Mid-Weichselian, and the concentration of the cosmogenic nuclides is zero
before that (Figure 10). This assumption is a simplified version of the history
presented in Section 2.2.1. This is the reference model used in most of the results.
If the simplified history has erosion, it will occur between the points C and B in
Figure 10, where at the onset of the Late Weichselian deglaciation. Theoretically,
erosion could also occur at point D, deglaciation of Second Mid-Weichselian. Because
there are no inherited nuclides due to the assumption of the infinite duration of
glaciation, the erosion would not have any effect to the concentrations. Notice that
the ordinal number used are referring to chronological order. If the event is "first",
it has occurred first in the glaciation history and before the second event. The first
deglaciation has occurred before the second deglaciation. It is also assumed that
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Figure 9. Misfit as a function of exposure age. Accepted inverse models when the forward model
has exposure 10 ka ago and infinite ice cover before that. The error of the sample is 0.1 m. The
best fit is 10 ka. The range of accepted models varies from 7.3 ka to 13.8 ka.
the deglaciation happens before the corresponding glaciation, and therefore the first
deglaciation is an earlier event than the first glaciation.
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A B C D
Simplified glaciation history
Figure 10. Simplified glaciation history based on Johansson et al. (2011). Point A is the present
day and the ending time of the last exposure period. Point B is the ending time of the last
glaciation, Late Weichselian deglaciation, and point C is the starting time of the Late Weichselian.
Point D is the starting time of the second last exposure period, interglacial between Second Mid-
Weichselian and Late Weichselian glaciations. It can also be called the Second Mid-Weichselian
deglaciation. Point C could also be called the first glaciation and point D, the first deglaciation.
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4 Results
In this section, I am going to present what can be done with the forward and
the inverse model. At first, I am going to show how the sampling thickness and
depth affect the accepted solutions when there is not erosion present. Then I am
demonstrating different cases for how the erosion and other parameter limitations
influence the solutions. Finally, I show which kind of models are accepted when
the samples are taken from different depths, and there has been erosion present.
Parameter values used in each section can be found from Appendix 6 Table A1. I
have used only one isotope, 10Be, in every section.
4.1 Simple exposure history and error in depth
Simple exposure history contains just one deglaciation. The assumption was that
the latest exposure was the only exposure that the rock experienced. At all other
times, it had been buried beneath a thick ice sheet without any interaction with
cosmic rays. To understand the working principle of the inverse model, the model
was tested with this simple exposure history. The test sample experienced one
exposure period, which began 10.0 ka ago. Before that, there had not been any
exposures, which meant that there were no inherited nuclides at all. It was assumed
that during the exposure, there had not been any shielding or coverage. Thus, all
cosmic rays coming from the space had interacted with the bedrock. The question
now was which kind of simple models were accepted with these assumptions. If the
model works correctly, the time of deglaciation should have the best fit.
Figure 11 presents the misfit of the accepted models as a function of time with
different errors in depth. If there was no error in sampling depth, the sample could
be thought to be point-sized. Then the only accepted inverse solution was the exact
time of deglaciation at 10.0 ka ago, and the absolute misfit value was zero. When
the error in depth was increased, the sample size was increasing as well. The error
of ±2.5 cm corresponds to the thickness of 5.0 cm. The number of accepted models
and the misfit value were increased with thickness. The variation of exposure time
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Figure 11. Misfit as a function of exposure time with different errors in the sample depth. The
glaciation history is presented in a smaller figure. The deglaciation was at 10.0 ka ago, and before
that, there had not been any exposure. The only accepted model is the same as the real history if
there is no error in the sample depth. If the error in depth is 2.5 cm, then the variation of accepted
ages is larger. The 5 cm error causes the largest variance in the acceptance.
was 10+0.8−0.7 ka when the error in depth was ±2.5 cm. When the error was increased
to ±5 cm, also the range of accepted ages was increased to 10+1.7−1.4 ka. The error
of accepted solutions is asymmetrical (Figure 11). More solutions were accepted
with higher than lower age. This was caused by the acceptance method presented
in Section 3.4.
The absolute misfit value depends on the depth of the sample. If the sample is
near the surface, its isotope concentration is higher, and thus also the misfit value
is higher since it depends on the concentrations (Equation 3.11). Sample in Figure
11 was taken at 10 cm depth, so its misfit values are rather large, magnitude of
106. The models with the highest misfit values have the poorest fit to the original
model. When the error is doubled, also the misfit value is doubled. The value of
misfit also depends on the error used for the sample depth (see section 4.2). Based
on these results, the inverse model is working correctly and can be used with more
complicated situations.
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4.2 Sample depth and number of samples
Simple glaciation history was also used to study the effect of sampling depth. Figure
12 displays accepted models with different sampling depths when the original model
had one exposure 10 ka ago. The sample thickness was assumed to be ±5 cm.
Samples were taken at the surface and depths of 1.0 m, 2.0 m and 3.0 m. All the
samples had the best fitting age at 10 ka, which was the time of exposure in the
original model. The age range of accepted models was largest when the sample was
taken at the surface, 10+1.7−1.4 ka. Then the youngest accepted model was 8.6 ka, and
the oldest was 11.7 ka. When the depth was increased, the range diminished. At
1.0 m depth, only the upper boundary was decreased with 100 years to 10+1.6−1.4 ka.
At 2.0 m depth, the decrease was more significant, and the accepted solutions were
10+1.2−1.1 ka. At 3.0 m, the range of accepted models was decreased to more than half
of the accepted surface age range, 10+0.7−0.6 ka. This indicates that the depth of the
sample controls the solutions that are accepted. Near the surface, there are more
possible solutions than in deeper depths, although there was no difference between
a surface sample and a sample from 1.0 m depth.
The absolute value of misfit depended greatly on sampling depth. The best misfit
value in all of the samples was zero at the age of 10.0 ka. In other ages, the misfit was
poorer. At the surface, the highest misfit value was 3.0 · 106. The value decreased
rapidly with sampling depth. Already at 1.0 m, the misfit was decreased to 0.6 · 106
and at 3.0 m, the largest misfit was 0.2 · 106.
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Figure 12. Exposure time as a function of the misfit. Each marker presents one sample taken
at different depths and shows the accepted solutions for a simple 10.0 ka exposure model. The
sample at the surface has the broadest range of accepted models, whereas the deepest sample at
3.0 m has the least number of accepted models. Misfit has a minimum at the 10.0 ka in each case.
The error in depth is ±0.25 m.
4.3 Realistic exposure history without erosion
The effects of possible glaciation histories were studied by comparing different mod-
els to the realistic glaciation history (Figure 10). The realistic history had a total
exposure time of 20.0 ka and the last deglaciation at 10.0 ka. The first deglaciation
was at 35 ka, so in total, there were two exposure periods. When the realistic model
did not have erosion at the end of the last glaciation, the best fit of the one exposure
model was 19.9+1.6−1.5 ka (Figure 13). One exposure models have the same duration for
both last exposure and total exposure. The best fitting time was close to the total
exposure time of the reference model and it differed from the actual timing of the
last exposure. If the reference model did not have erosion, the one exposure model
revealed the total exposure time.
Two exposure models (Figure 13) showed somewhat different behaviour when the
last deglaciation time was presented as a function of total exposure time. The best
33
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Realistic exposure history without erosion, 
 one and two exposures, no constraints
Figure 13. Realistic history without erosion compared to the one and two exposure models. The
limitation for the maximum duration of the model was 50 ka, and the maximum erosion was 4.0
m in one glaciation. The models can have erosion, even if the reference model did not have. Each
dot presents one model, and its color presents the misfit value so that darker corresponds to a
smaller and better misfit value. The blue dashed line presents the parameter values used in the
reference model. Density functions are shown adjacent to the axes for each parameter. A. One
exposure model. The total exposure time is the same as the last deglaciation time. The best fit is
at 19.9 ka, which differs from the expected value. B. Two exposure model. The first glaciation and
deglaciation. There are several very different combinations that have a good fit. The glaciation
values are concentrated below 30 ka, while the deglaciation has a wider range of values. C. Two
exposure model. The last deglaciation has the best fit around 20 ka, while the total exposure time
varies from 18 to 50 ka. D. Two exposure model. Erosion varies from 0 to 4 m, and the best
solutions are widely spread.
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fitting last deglaciation time was the same than in one exposure models, but the
range of total exposure time was different. The last deglaciation had a minimum
misfit around 20 ka, but the small misfit values were also reached between 5 and 15
ka. The total exposure time had a huge variation from 18 to 50 ka. It also seemed
that there was not an area of best fit for the total exposure time. Most of the values
were concentrated below 30 ka. In other words, it seems that the model is more
sensitive to the total exposure duration than the deglaciation time when there is no
erosion present in the reference model. The same trend can also be observed from
the three and four exposure models (Figures B1 and B2).
Figure 14 presents what kind of models are accepted. The two exposure models
could have an identical solution with the reference model, but in reality, the models
differed from the reference quite much. The last deglaciation began between 18 and
20 ka, while in the reference, it began at 10 ka. Also, the deglaciation before that
or the glaciation starting time did not fit the reference model. The accepted models
had erosion, while the reference did not. It seems that when there is no erosion
in the reference, the accepted models are sensitive to the total exposure duration
rather than the timing of deglaciation.
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Average glacial cycles, realistic exposure history without erosion
Figure 14. The glacial cycles of all the model types. The curve "All" (solid, dark blue) refers to
an average of all accepted models. "Best 10" (dashed, violet) presents ten solutions that had the
the smallest misfit value. "The best" (dot-dashed, orange) displays the solution with the smallest
misfit and the "reference" (dotted, green) is the realistic glaciation history. The y-axis is the total
amount of erosion experienced during the glaciations. The erosion rate can be observed from the
slope. During an interglacial, there is no erosion, and the rate is then 0. The x-axis is time, and
0 refers to the present day. Thick lines in the bottom of each figure are presenting the glaciation
history. The solid line is the glaciation, and the white area is an interglacial. A. Two exposures.
The amount of erosion and the last deglaciation time fit relatively well to the reference model
when all of the models or the best ten models are averaged. The best model has a very different
solution than the reference model. B. Three exposures. The total erosion is much larger in each
case than in the reference model, but the amount of erosion during the last glaciation is rather
good in "All" and "Best 10" averages. The last deglaciation is relatively precise in the average of all
of the models. The duration of the last glaciation is short in the best model. C. Four exposures.
All of the cycles have rather good fit the last deglaciation of the reference model, but the total
erosion is too large. The amount of erosion during the last glaciation is almost the same in the
"All" than it is in the reference. The best solution has a relatively small amount of erosion in the
end.
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4.4 Realistic history with erosion
The other, and more likely, option for realistic history is to include erosion during
the glaciation. The realistic history has two exposure periods from 0-10 ka and 25-35
ka with 2.0 m erosion during glaciation 10-25 ka. In these models, I have chosen to
use the erosion value of 2.0 m because that could have been the real amount that
has been eroded (Li et al., 2005). It may have been higher or lower than that, but
it is a rough estimate and suitable for the testing of the models. The erosion occurs
during the glaciations except for the infinite one. If the erosion is constant, the
amount of rock eroded is the same in every glaciation. If the erosion has a random
value, it can be anything between 0 and 4 m unless stated otherwise. In this section,
I have tested different kinds of parameter combinations to find out which of them
produce acceptable solutions. I am going to start with the most strict limitations
and loosen them gradually.
4.4.1 Tied last deglaciation and constant erosion
The first step with the limitations was to preset a value for erosion and last deglacia-
tion. Erosion was set to be 2.0 m, which is the same as in the reference model. The
last deglaciation was fixed to 10.0 ka. The fixed deglaciation limits the one expo-
sure models and they do not have any variation. Therefore they are not presented
in here.
Two exposure models showed sensitivity to the total exposure time around 20 ka
(Figure 15), which is the same value as in the reference model. Still the results did
not confirm anything sure of the past glaciations because the range of values for the
last deglaciation was wide, between 20 and 50 ka. It could be said that the timing
of the second last deglaciation must have occurred more than 20 ka ago, but the
exact time can not be found. To find more precise information, there must be at
least an educated guess of the duration of the latest glaciation.
Three exposure model results were also good with these strict constraints (Figure
B3). Similarly than in two exposure case, the last glaciation and the second last
deglaciation had a linear dependency. The best fit was reached with a combination
where the total exposure duration and the second last deglaciation were both at least
20 ka. This indicates, that we can found the time when the second last deglaciation
could have earliest occurred.
The results of the four exposure models were relatively similar to three exposure
models. Nothing sure could be found, but it set some constraints to the possible
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Two exposures, tied 10 ka, 2 m erosion
Figure 15. Two exposure models with tied last deglaciation and constant erosion. The maximum
exposure time was limited to 50 ka. Each dot presents one model, and its color presents the misfit
value so that darker corresponds to a smaller and better misfit value. The blue dashed line presents
the parameter values used in the reference model. Density functions are shown adjacent to the
axes for each parameter. A. The first glaciation and deglaciation are directly proportional to each
other. B. The total exposure time remains constant at 20 ka when the timing of the last (and
only) deglaciation time increases.
solutions. The duration of total exposure should be over 20 ka to have a small misfit
value (Figure B4), and also, if the duration of the latest glaciation was known, the
previous deglaciation can be detected.
While the scatter plots did not seem to reveal too much of the previous glaciations,
the figure of average glacial cycles did. The glacial cycles had an excellent result
when the limitations were extensive. The two exposure models had almost perfect
timing in the starting time of the glaciation. The first deglaciation was also detected
well (Figure 16). Only the average of ten best models had a bit longer duration of
the glaciation than in the reference model. The best model with the smallest misfit
value differed only by 200 years in the first deglaciation. That is the most precise
result that was achieved. The average of all could also predict the second last
deglaciation rather well.
Three and four exposure models did not provide as good results even though the
starting time of the glaciation of the best solutions was rather close to the reference
model (Figure 26). Surprisingly also, the best solution for the first deglaciation in
these models seemed to be relatively close to the reference model. Four exposure
models did not fit to the reference model at all.
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Average glacial cycles, tied 10 ka, constant 2 m erosion
Figure 16. Average glacial cycles when the solutions have constant 2.0 m erosion, and the last
deglaciation is tied to 10 ka. See the explanations from Figure 14. A. The glaciation period is
fitting well with the reference model in all of the cases. The first deglaciation is also detected
rather well since the difference to the reference model is only a couple hundred years. The second
last deglaciation can not be dated as well as the glaciation starting time, but the values are close.
B. Three exposure models also find the start of glaciation relatively well except the average of all.
Other timings are not so good. C. Four exposure models have a large variation in the solutions,
and they do not fit to the reference model except for the best solution.
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Sample depth of 2.0 m
The special case of models with tied deglaciation and constant erosion was the
increase of the sample depth to 2.0 m. Two exposure models with these limitations
seemed to be sensitive to the total exposure time (Figure 17), which had the best
fit at 20 ka. It seems that deglaciation is sensitive to the timing of glaciation. The
patterns in both cases were similar to the surface sample except they were narrower
and the absolute misfit value was smaller.
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Two exposures, tied 10 ka, 2 m erosion, 2m sample
Figure 17. Two exposure models with tied last deglaciation, constant erosion and sampling
depth of 2.0 m. The maximum exposure time was limited to 50 ka. Each dot presents one
model, and its color presents the misfit value so that darker corresponds to a smaller and better
misfit value. The blue dashed line presents the parameter values used in the reference model.
Density functions are shown adjacent to the axes for each parameter. A. The first glaciation and
deglaciation are proportional to each other. The best fit zone is in the middle, and it is relatively
wide compared to the whole width of the zone of accepted solutions. B. Total exposure time and
second last deglaciation. The total exposure time has the smallest misfit value around 20 ka, while
the deglaciation varies from 15 to 50 ka.
Three and four exposure models have rather similar results than they had with the
surface samples except the ranges are narrower, and there are less accepted models
(Figures B5 and B6).
The average of two exposure models provided a great fit when compared to the
reference model (Figure 18). The model could almost correctly predict the timings
of the first glaciation and the beginning time of the second glaciation. The best
solutions, which had the smallest misfit values, did not provide as good result even
though that might have be the presumption. The three and four exposure models
did not seem to have any useful information since their timings were rather far from
the reference model.
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Average glacial cycles, tied 10 ka, constant 2 m erosion, sample 2 m
Figure 18. Average glacial cycles when the solutions have constant 2.0 m erosion, and the last
deglaciation is tied to 10 ka. See the explanations from Figure 14. A. The average of all accepted
two exposure models fits almost perfectly to the reference model. The solutions with the best
misfit values do not fit to the reference model as well. B. Three exposure models are not sensitive
to the beginning time of the glaciation or to other glaciations. C. Four exposure models also have
a rather poor fit to the reference model.
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4.4.2 Tied last deglaciation and random erosion
The last deglaciation was tied to 10.0 ka to observe how the erosion varies. This
could occur also in reality if the deglaciation has been dated with other dating
methods like using radiocarbon or varve dating. The amount of erosion was limited
to 4.0 m maximum ,and the total exposure time was limited to 50.0 ka.
This approach meant that there was no variation in the one exposure solutions since
the only deglaciation was tied. Two exposure models had a connection between
the amount of erosion and the total exposure time (Figure 19). When the erosion
increased, also the total exposure time increased. The best fit was increasing loga-
rithmically, and the smallest misfit value was reached at total exposure time of 21.1
ka and erosion of 2.1 m. These values are close to the reference model values 20.0
ka and 2.0 m.
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Two exposures, tied 10 ka, random erosion
Figure 19. Two exposure models with tied timing of last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion. The maximum exposure time was limited to
50 ka. Each dot presents one model and its color presents the misfit value so that darker corresponds
to a smaller and better misfit value. The blue dashed line presents the parameter values used in
the reference model. Density functions are shown adjacent to the axes for each parameter. A. The
timing of deglaciation and glaciation do not have a clear pattern of the smallest misfit. The values
are rather uniformly distributed between 10 and 50 ka. B. Erosion and total exposure time form a
distinct area of the smallest misfit. When erosion increases, also the total exposure time increases.
Three exposure models provided rather similar results than the two exposure models.
Deglaciation and glaciation timings seemed not to have too much sensitivity, but
the last erosion and total exposure time certainly did (Figure B7). The dependency
was also logarithmic, although not as clear as in the two exposure cases. When the
erosion increased, also the total exposure time increased.
The four exposure models did not provide too much new information. The most
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significant results were that the erosions before the last one did not seem to be
affecting the end result (Figure B8). There the values varied from the minimum to
the maximum without any pattern. Another interesting result was the last erosion
and the total exposure time. It looked rather like the three exposure model version
except the best fitting points were concentrated on smaller values of erosion.
Even though the last deglaciation was tied to 10.0 ka, the glaciation cycles were
not too sensitive to the reference model before the last glaciation (Figure 20). The
amount of erosion was close to the reference model, but the timing of the last
glaciation varied much, even in the two exposure models. The best two exposure
solution was really far from the reference, although the amount of erosion was close.
The average of all models was relatively close to the reference, and the starting
time of the glaciation was almost the same as the reference, but the erosion was
slightly higher. Other model types were considerably far from the reference. Only
the amount of erosion seemed to be somewhat close.
Sample from 2.0 m depth
The special case of models with tied deglaciation and random erosion was tested.
There the sampling depth was 2.0 m instead of the surface. As could be expected,
the misfit values and the range of accepted models were smaller than with the surface
sample (see Section 4.1). The most striking thing that differed from the results of
surface samples is the relationship between erosion and total exposure time. While it
was almost logarithmic before, now it is rather linear with a changing slope (Figure
21). This behaviour might be explained with the depth and the production rates
since before the last exposure, the sample has been at depth 2 to 6 m, depending
on the amount of erosion. The spallogenic production is not as strong below 3 m
as muogenic production (Figure 2). It also attenuates with depth, so samples below
the surface have nuclides produced with other ways than those on the surface, and
this may cause the difference in behaviour.
Three and four exposure models (Figures B9 and B10) did not have similar good-fit
zone as the two exposure models. There the solutions were more widely scattered
and the linear trend was almost nonexistent. There seemed to be a weak linear
trend in the three exposure models, which is missing in the four exposure models.
The most interesting result was the two exposure glacial cycle because there the
average of all models was almost the exact copy of the reference model (Figure 22).
The starting time of the glaciation was off only by a couple hundred years and the
erosion was almost on the spot too. To top it all, the starting time of the first
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Average glacial cycles, tied 10 ka, random erosion
Figure 20. Average glacial cycles when the last deglaciation is tied 10.0 ka and erosion is random.
See the explanations from Figure 14 A. Two exposure models have one glaciation after the infinite
one. Its timing varied greatly between 12 and 25 ka. Erosion has less variation and in the best
solution it is almost the same than in the reference model. B. Three exposure models do have large
variation in the first glaciation after the infinite glaciation. Also the amount of erosion varies, but
the average of all has about 2 m erosion during the last glaciation. C. Four exposure models. The
first two glaciations vary quite much. The last glaciation do not, but it is still rather far from the
reference model. The amount of erosion in the average of all is rather close to the reference.
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Two exposures, tied 10 ka, random erosion, sample 2.0 m
Figure 21. Two exposure models with tied timing of the last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion. The sampling depth is 2.0 m. The maximum
exposure time is limited to 50 ka. Each dot presents one model and its color presents the misfit
value so that darker corresponds to a smaller and better misfit value. The blue dashed line presents
the parameter values used in the reference model. Density functions are shown adjacent to the
axes for each parameter. A. Deglaciation and glaciation are scattered, and the minimum misfit is
reached at several occasions. B. The relationship between erosion and the total exposure time is
rather linear. The slope changes around 2 m of erosion.
glaciation differed only by 800 years. The average solution was fitting very well to
the reference model. The models with the smallest misfit were not as good except
when the first deglaciation time was considered since the difference there was only
100 years.
Three exposure models provided a rather good estimation of the erosion when the
average solutions were plotted. The timing of the models was rather far from the
reference. Similar behaviour can be observed from the four exposure models too.
The amount of erosion was somewhat correct in the average of all solutions, but the
timings had a very poor fit.
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Average glacial cycles, tied 10 ka, random erosion, sample 2.0 m
Figure 22. Average glacial cycles when the last deglaciation of the solutions is tied to 10.0 ka
and erosion is random. The sampling depth is 2.0 m. See the explanations from Figure 14. A.
Two exposure models provide an excellent similarity between the average of all accepted solutions
and the reference model. The amount of erosion and the starting time of the glaciation are close
to the reference model. The best ten solutions are the closest ones when the timing of the first
deglaciation is determined. B. Three exposure models have good correspondence in the erosion,
but the timings are rather far from the reference. C. The average of all accepted four exposure
models provides rather good fit. The actual times of the cycles are not close to the reference model.
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4.4.3 Solutions with constant erosion
To eliminate the effect of erosion, it was set to be constant, 2.0 m. That is the same
value than in the reference model. This kind of approach could reveal if the correct
timings can be found when the erosion does not alter the results. The one exposure
solution can not have erosion because the only deglaciation it experiences is the
deglaciation of the infinite glaciation. at that point, there is no inherited nuclides
and therefore the amount of erosion does not matter.
In one exposure models, the timing of deglaciation (Figure 23) was varying be-
tween 9.5 ka and 11.5 ka. The distribution of accepted solutions is relatively even,
and there is a clear minimum misfit at 10.5 ka. One exposure model has just one
deglaciation which defines also the total exposure time therefore the accepted mod-
els forms a line with a positive slope. More models are accepted with higher misfit
values than near the best fit.
Two exposure model reached the minimum misfit when the total exposure time and
the last deglaciation were 10.5 ka (Figure 23). The minimum misfit was continuously
reached when the total time increased and the last deglaciation decreased. The far-
thest accepted model had the total exposure duration of 44 ka and last deglaciation
at 8.9 ka. One of the smallest misfit values was gained with total exposure time of
20.0 ka and the last deglaciation at 10.3 ka, which is nearly the reference model.
Most of the accepted solutions had a total exposure time between 10 and 20 ka,
which is in line with the 20.0 ka of the reference model. The highest probability of
the last deglaciation was concentrated around 10 ka. This result could imply that
if the erosion is known, the last deglaciation can be dated relatively well. It does
not work as well with the total exposure time since its variation is much larger, and
the largest values are over twice as large as the total exposure time of the reference
model.
Three and four exposure models provided again rather similar kind of results (Fig-
ures B11 and B12). The only significant variable pair was the last deglaciation
and the total exposure time. Both model types had quite constant timing of last
deglaciation while the total exposure time increased. Three exposure models had a
small decrease in the deglaciation when the total exposure time increased. It seems
that the last deglaciation can be dated comparatively well, but the total exposure
time does not have that kind of sensitivity.
The average glacial cycles had an excellent fit in the last deglaciation compared to
the reference model since the values were only a bit over 10 ka (Figure 24). All the
different scenarios had a higher erosion rate during the glaciation than the reference
47
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One and two exposures, 2 m erosion
Figure 23. One and two exposure models with constant 2.0 m erosion during glaciations fitted
to realistic history with 2.0 m erosion. The maximum exposure time was limited to 50 ka. Each
dot presents one model and its color presents the misfit value so that darker corresponds to a
smaller and better misfit value. The blue dashed line presents the parameter values used in the
reference model. Density functions are shown adjacent to the axes for each parameter. A. One
exposure model. Deglaciation and total exposure time have the same pattern as before. The values
of accepted models vary from 9.7 to 11.3 ka, and the best fit is around 10.5 ka. B. Two exposure
models and the first glaciation starting time and deglaciation. The best fit is gained with different
combinations, but most of them have the glaciation starting time below 20 ka and deglaciation
time below 30 ka. C. Total exposure time and the last deglaciation time of two exposure models.
They are inversely proportional. The best fit is reached when the last deglaciation began 10.4 ka
ago and the total exposure time was 11.0 ka. One of the best fit models is similar as the reference
model, where the total exposure time was 20.0 ka and the last deglaciation at 10.0 ka ago.
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model because the duration of the last glaciation was shorter than in the reference
while the amount of erosion was the same. The model with the lowest misfit value
was quite different than the reference model, but instead, the average of the best ten
models were rather close to the reference. This clarifies the problem with the inverse
model, a small misfit value may not present a model which is the most realistic one.
The same behaviour can be observed from the three and four exposure models,
although they had many other problems as well. More complicated solutions may
have a small misfit, but the solution may not be paleoclimatically realistic. The
best fitting four exposure model did have a glaciation between 31 and 32 ka, which
seems a bit short time for a large scale glaciations, but may have occurred locally.
Interestingly, two, three and four exposure models have the last deglaciation around
10 ka, so it seems that when the erosion is known it is possible to find the deglaciation
time.
49
















All Best 10 The best Reference

































Average glacial cycles, 2 m erosion
Figure 24. Average glacial cycles when the solutions have a constant 2.0 m erosion. See the
explanations from Figure 14. A. Two exposure models have a very good fit in the timing of the
last deglaciation. All of the models fit to the reference model. The duration of the last glaciation
varies quite much, but the average of the best ten solutions is rather close. B. The timing of the
last glaciation is almost the same than in the reference model. The model with the best misfit
value is not fitting to the real cycle very well. C. Four exposure models also have a good fit in the
last deglaciation, but the other timings are rather poor.
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4.4.4 Fitted models without erosion
The next step was to study which kind of solutions are accepted if they do not
have erosion at all even though the reference model has. That could reveal what
happens if the erosion is underestimated. The total exposure time was limited to
50 ka. The one exposure model did not provide anything new since it was already
underestimation of the reference model with fewer exposure periods. The best fit
of the one exposure solutions was around 10.5 ka in total exposure time and the
last and only deglaciation time (Figure 25). The solution was identical to the case
presented in the Section 4.4.3 where the models did have any constant erosion.
Basically, the one exposure solutions are identical in these cases since the erosion
does not affect when there is no previous exposure periods.
Two exposure models, on the contrary, had different results than before. It seemed
that the total exposure time had a clear minimum when the models did not have
erosion at all (Figure 25C). The total exposure time had the best fit around 10.5
ka, and the last glaciation varied almost from 0 to 11 ka. Without erosion in the
solutions, they are sensitive to the total exposure time. The total exposure duration
is not the same as in the reference model. The value is closer to the last deglaciation
time.
Three exposure models did not provide any clear indication which kind of solutions
were better than others. In Figure B13 all the changing variables were presented,
and it seemed like there is no obvious trend. Even the total exposure time is not
concentrated around one value as it was in two exposure case. It is clustered between
10 and 20 ka, but there are well-fitting solutions up to 40 ka. The last deglaciation
have also smaller values than before, but they are widely scattered between 0 and
11 ka.
Four exposure models (Figure B14) had the same problem as the three exposure
models; they were too scattered to provide information from the past glaciations.
There were dozens of solutions, which had a good fit to the reference model, but
they were spread rather far from each other. There was a small good-fit cluster in
the third glaciation-deglaciation plot (Figure B14C) between 0 and 20 ka in both
axis. It means that the glaciation before the last one occurred only a short time
before.
The behaviour of two exposure models was different from the other exposure models.
Two exposure models had a minimum in misfit at total exposure time of 10.5 ka.
The other more complicated models did not show any clear results for the timing of
any deglaciation or glaciation. This could not be observed from the average glacial
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One and two exposure, no erosion
Figure 25. One and two exposure models without erosion fitted to realistic history with 2.0 m
erosion. The maximum exposure time was limited to 50 ka. Each dot presents one model and
its color presents the misfit value so that darker corresponds to a smaller and better misfit value.
The blue dashed line presents the parameter values used in the reference model. Density functions
are shown adjacent to the axes for each parameter. A. One exposure model. The total exposure
time is the same than last deglaciation time. The best fit is at 10.5 ka. B. Two exposure model.
The first glaciation starting time as a function of the first deglaciation time. Most of the values
are concentrated between 0 and 20 ka in both axes. It seems that there is a small cluster of small
misfit values at glaciation of 10 ka and deglaciation of 12 ka. C. Two exposure model. Total
exposure time and the second deglaciation time, which is also the most recent deglaciation. The
total exposure time is concentrated around 10.5 ka with the range similar to one exposure model.
The deglaciation has values between 0 and 11 ka.
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cycles (Figure 26), where the fit is rather poor for every exposure type.
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Average glacial cycles, no erosion
Figure 26. Average glacial cycles when the solutions do not have erosion, but the reference
model does have. Therefore the total erosion is zero. See the explanations from Figure 14. A.
Two exposures have rather small values for the last deglaciation. Also, the starting time of the
glaciation is underestimated. The average of all accepted solutions fits the best, but it still is not
good. B. Three exposure models. The last deglaciation occurs too late in each case in comparison
to the reference model. The average of all is the closest one. C. Four exposure models have the
most complicated result and they are quite poor fitting.
In other words, it seems that two exposure models had some sensitivity to the total
exposure duration. When the reference model had erosion, it removed the uppest
layer of rock and exposed a fresh surface with small amount of inherited nuclides.




Finally, the inverse model was run without any major constrains. The upper bound-
ary of the time was raised to 100.0 ka and the maximum erosion to 10.0 m. The
maximum number of deglaciations was limited to four, because too complicated
solutions can produce a good fit, but they are paloclimatically impossible.
The one exposure model had similar results as in previous sections. The timing of
deglaciation (Figure 27) was varying between 9.5 ka and 11.5 ka. The distribution
of accepted solutions was relatively even, and there is a clear minimum misfit at
10.5 ka. One exposure model has just one deglaciation which also defines the total
exposure time therefore, the accepted models formed a line with a positive slope.
More models were accepted with higher misfit values than near the best fit.
Two exposure models have two deglaciations (Figure 27). The only variable, which
seemed to have some kind of trend, was the timing of the last deglaciation. It was
concentrated around 10.5 ka no matter how long the total exposure duration was.
The other deglaciations, glaciations or erosion did not show a particular sensitivity to
one way or another. More solutions were accepted when deglaciation and glaciation
were below 20 ka but the best fitting solutions were spread. A similar thing occurred
with erosion.
Three exposure models had similar behaviour than two exposure cases. The other
parameters seemed not to have a minimum misfit at a specific place except the last
deglaciation, which was concentrated around 10.5 ka (Figure B15). The total expo-
sure time had a bit more variation than in the two exposure case, but it still was not
cumulated to anywhere. One thing that can be observed is that the first glaciation
and deglaciation occurred clearly before the second glaciation and deglaciation, like
they should. The difference was significant. For example the second deglaciation
has most of the values below 30 ka, while the first deglaciation has much wider
distribution. It also seems that the amount of erosion do not matter in the case
without constraints. The erosion varied from 0 to 10 m, even if it occurred during
the last glaciation.
Four exposure models did not provide too much new information (Figure B16). The
last deglaciation had the best fit around 10.5 ka, while all the other parameters
varied considerably. Statistically it becomes clear that the later glaciations and
deglaciations are concentrated to smaller values in time and thus also the best fitting
combinations are also concentrated to there but otherwise any major conclusions can
not be made.
The glacial cycles of all the model types are presented in the Figure 28. The last
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One and two exposures, no constraints
Figure 27. One and two exposure models without constraints fitted to realistic history with 2.0
m erosion. The only limitations were the maximum erosion of 10.0 m and the maximum duration
of 100.0 ka. Each dot presents one model and its color presents the misfit value so that darker
corresponds to a smaller and better misfit value. The blue dashed line presents the parameter
values used in the reference model. Density functions are shown adjacent to the axes for each
parameter. A. One exposure model. The total exposure time is the same than last deglaciation
time. The best fit is at 10.5 ka. B. Two exposure model. The first glaciation and deglaciation.
There are several very different combinations which produce a good fit. The values are concentrated
below 30 ka. C. Two exposure model. The last deglaciation has the best fit around 10.5 ka while
the total exposure time varies from 10 to 90 ka. D. Two exposure models. Erosion varies from 0
to 10 m and the best solutions are widely spread.
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glaciation which has been timed rather well even though the erosion was much
larger than in the reference model. Interestingly, the best solution, which had the
smallest misfit value, was not always the best fit for the reference model. One thing
that could be also pointed out, was the timing in the two exposure models. The
reference model has two exposures and despite that, there was not a perfect match.
The solution with the smallest misfit value had relatively correct timing for the last
deglaciation, but everything else did not fitting to the reference model. Based on
this, we can say that without constraints the past glaciations can not be detected.
All in all, it seems that the accepted solutions are rather far from the reference
solutions, except for the last deglaciation. It can be predicted quite well. The
amount of erosion can not be found easily without any constraints. This section can
be summarized with a conclusion, that constraints are needed to produce solutions
that have most likely occurred.
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Average glacial cycles, no constraints
Figure 28. The glacial cycles of all the model types when there were no constraints for solutions.
See the explanations from Figure 14. A. Two exposure models. All of the different types have the
last deglaciation around 10 ka, which is close to the reference model. Most of the models have
larger erosion than the reference model, but the best solution is rather close to it. Otherwise, the
best model has a very different solution than the reference model. B. Three exposures. The last
deglaciation is relatively precise in the average of all and the best ten solutions, but the amount of
erosion is much larger. The best solution is quite far from the reference model. C. Four exposures.
All of the cycles have a rather good fit to the last deglaciation of the reference model. The total
erosion is much smaller in the best solution experiences than in other curves, but the value is still
much larger than in the reference model. The other timings are not fitting to the reference.
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4.5 Sample depth profile
One advantage of the inverse model is to study the sampling. Is it beneficial to
take samples as depth profile or is the surface samples good enough. I studied this
by running the inverse model using the realistic glaciation history as the reference
model. The same inverse solutions were tested for each sample from different depths.
The idea was to see that (1) which kind of models were accepted in each depth and
(2) what was the most useful way to do the sampling. The set-up was similar to
section 4.4.2 so that the last deglaciation was tied to 10 ka, but erosion could vary
from 0 to 4 m per one glaciation period. This approach was chosen because the
results were not as good than when the erosion was tied too and it is realistic to
have the deglaciation time determined with some other way. I was trying to find out
if using the profile, could allow us to have more information also from the erosion
and the glaciation starting time by using just one isotope.
The results were interesting. It seemed that the depth profile can make the estima-
tion of erosion and total exposure duration considerably better than taking a sample
only from the surface (Figure 29). There were only a few accepted models near the
expected values when the depth profile is used. If only surface sample is used, the
erosion or the total exposure duration can not be estimated very well.
When average glacial cycles were compared, the erosion could be determined also
from here when the depth profile is used (Figure 30). Otherwise, the models are
quite different compared to the reference model. The duration of the glaciation or
the previous deglaciation can not be dated.
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Two exposures, multiple depths
Figure 29. Erosion and total exposure duration determined with different depth profile options.
The erosion was limited to a maximum 4.0 m and total duration to 50 ka. The last deglaciation was
tied to 10.0 ka. Each dot presents one model and its color presents the misfit value so that darker
corresponds to a smaller and better misfit value. The blue dashed line presents the parameter values
used in the reference model. Density functions are shown adjacent to the axes for each parameter.
A. Surface sample. This is identical to Figure 19. Erosion increases almost logarithmically with
total exposure duration. There are several different combinations that produce a small misfit. B.
Samples from the surface and 2.0 m depth. The shape is similar to Figure 21. Fewer models are
accepted compared to using only a surface sample. C. Samples at every meter from the surface to
4.0 m depth. Only a few models are accepted. They are concentrated near the expected values of
erosion and total exposure duration.
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C. Surface to 4 m samples
Average glacial cycles, depth profile
Figure 30. Average glacial cycles when the solutions have max 4.0 m erosion, the last deglaciation
is tied to 10 ka and samples are taken from a depth profile. See the explanations from Figure 14.
A. Surface sample. The amount of erosion is near the reference value, but the duration of the
last glaciation or the previous deglaciation can not be dated. B. Samples from the surface and 2.0
m depth. The erosion is either the same than expected ("Best" and "Best 10") or it is neat that
("All"). The glaciation duration or the second last deglacation can not be dated. C. Samples taken
at every meter from the surface to 4.0 m depth. Erosion is really close to the expected value in
each case, but the glaciation starting time or the previous deglaciation can not be determined
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5 Discussion
The accepted inverse solutions depend greatly on the constraints set for the solutions
and the exposure history they are fitted for. If neither the exposure history nor the
inverse solution had erosion, the expected age was the total exposure duration,
because the inherited nuclides were not removed. In reality, the exposure history
has, most likely, had erosion and then the results are harder to interpret. When
the solutions did not have any constraints, the time of the last deglaciation was
slightly larger than in the realistic exposure history. The strictest constraints were
limiting the possible solutions, and then the duration of the last glaciation and the
total exposure time could be detected reasonably well. If the timing of deglaciation
and amount of erosion were both known, the duration of the glaciation could be
found. If only one of them was known, the range of values for the other was wide,
and the exact solution could not be found. Depth profiles made the accuracy of
the inverse solutions better. One sample at the surface provided wide range of
accepted solutions, while multiple samples from multiple depths reduced the amount
of possible solutions and limited the possible parameter values.
5.1 Detection of realistic glaciation history
It is impossible to detect the realistic glaciation history, if there are not any con-
straints set for the solution. The timing of the last deglaciation can be observed
sometimes rather well. It is around 10 ka no matter how complicated models are
(Figure 28), but the history before that can not be detected clearly without ma-
jor constraints (Figure 16). Without limitations, the best fitting deglaciation time
can be observed to be higher than the reference deglaciation, and therefore there
must have been some inherited nuclides. Despite that, the actual timing can not be
determined since there are so many possible solutions that are accepted. Without
any constraints, even the two exposure model did not reveal almost anything. The
last deglaciation was around 10.5 ka with over 2.0 m erosion. With smaller erosion,
the time began to decrease, but there still was not a clear trace to find the original
model.
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The past glaciations could possibly be observed if the limitations set for the solutions
are strict enough. When the last deglaciation and the amount of erosion were set
to be the same than in the reference model, the glaciations could be detected.
Although it does raise a question, if these values used as constraints could be known
in case of a real sample. Could it be possible that with a combination of the last
deglaciation at 7 ka and erosion of 1.0 m the produced result would be the same
than with deglaciation at 10 ka and erosion of 2.0 m. If that would be true, then
the limitations are guiding the result strongly and the result may be presented as
the only solution while it may be biased. If limitations are used, they must be based
on reliable geological and paleoclimatological data. The latest deglaciation can be
determined with varve dating, for example. The other variables, like amount of
erosion or timings of earlier glaciations, are more challenging since usually there are
not direct evidence of them.
It is interesting to notice that the best misfit values may not produce the most
correct or the most realistic result. Many times the average of all accepted solutions
formed a better glacial cycle than the best fitting models. I would have assumed
that the poor fitting models would drag the average solution to be more unfitting,
but the poor solutions may have cancelled each other. It would be nice to test if
the average solutions really produce the best fit. Maybe this could be done in a
controlled situation, where the glacial history of a rock is known really well or the
artificial glacial history is produced in the rock. I am not completely sure how this
artificial history could be produced, but in theory, the rock could be exposed to
the known strong source of radiation. This would produce the nuclides in the rock.
Then some of the surface would be removed and the rock would be exposed to the
radiation again. This way the history would be known while it would not take tens
of thousands of years and the inverse model could be tested.
The quality of the constraints set for the solutions is important, because they control
the accepted solutions. If the constraints are geologically or paleoclimatically incor-
rect, then also the accepted solutions are incorrect. The constraints should be based
on some other data like lake sediments, optically stimulated luminescence or varve
dating to be sure that the limitations are reasonable. The most useful constraint is
the last deglaciation time, because it can be known from the other studies. More
challenging constraints are earlier deglaciations, total exposure duration and the
amount of erosion. They are not known too well and setting limitations regarding
of them may exclude the solution which would actually be closest to the real history.
It seems that using depth profile provides a way to get better results. If there are
enough samples and they are taken deep enough, the values of some variables can
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be limited. For example, when there were samples from every meter from surface to
4 m, the erosion in the solutions was varying from 1 to 3 m, while with only surface
sample the range was from 0 to 4 m. The possible range was halved, which is seems
to be a significant result. Similarly, the total exposure duration was limited between
18 and 21 ka, while otherwise it varies from 10 to 35 ka. The important thing that
must be noticed is the number of accepted solutions is small in Section 4.5. There
are only 11 accepted solutions when the depth profile is used, which makes the
results a bit uncertain. It can not be said for sure if this is just a coincidence that
the erosion is being limited so much or if this is a significant result by itself.
All in all, the realistic glaciation history can be detected if there are proper limita-
tions for the models. Depth profile also seems to be a useful tool, but it still needs
more inverse models to be confirmed.
5.2 Effect of erosion
Erosion has a huge impact to the possible inverse solutions. Most likely there has
been erosion during the glaciations, and if it is not considered in the models, the
results can be misleading. If the erosion is ignored and nor the fitted models have
erosion, the best fitting solutions may imply that the total exposure time has been
relatively short even though in reality that time is the last deglaciation (Figure 23).
It seemed that the exact amount of erosion was hard to detect. Sometimes, when
the reference model had erosion of 2.0 m, the best fitting models had erosion up to
6 m. This can mean, that most of the inherited nuclides are already removed when
the amount of erosion is 2.0 m. The nuclide concentration left can be produced with
numerous different glaciation histories which allow much higher amount of erosion.
Erosion affects also to the glaciation cycles, since if the erosion is under or over-
estimated, the produced cycle may differ from the correct one. Too high erosion
removes more inherited nuclides and shortens the time from the last deglaciation.
I would assume that the amount of erosion varies locally even though the glacial
history is the same in the area. That could be a way to find out erosion during
the deglaciation. If location A is on top of the hill and have experienced some
erosion, while the location B is 100 m away from A at the foot of a hill and have not
experienced erosion. The assumption would be that the B has not experienced as
much erosion as the A even the deglaciation has occurred for both of them roughly
at the same time.
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5.3 Sampling
The sampling depth effects to the accepted models. The deeper the sample is from,
the smaller is the range of accepted models. At a depth of 3 m, the range of
accepted models is smaller than the half of the range of a surface sample. Thus
the result is probably more accurate with deeper samples, but the concentration of
the measured nuclides is small which may cause problems in the AMS. Therefore,
the required amount of rock must be larger than with a surface sample. Also, if
erosion is present, the surface could have been removed by 2 m. Then the amount
of nuclides is even smaller if the sample is taken from 3 m depth. Without erosion,
that sample would have been at 5 m depth. Of course after the removal the sample,
now at 3 m depth, experiences similar conditions than the original sample at that
depth, but the new sample do not contain as much of inherited nuclides than the
original sample and thus the total number of nuclides is smaller. This may be a
problem in the real measurements if the number of nuclides is rather small. That
can be avoided by a large sample size. In the best case scenario, it might be possible
to detect even 1000 atoms from a sample (Rood et al., 2010). If we assume the
simplified glaciation history, the number of 10Be atoms in kg of quartz at 3 m depth
is 1 500 000 and if the sample size is 10 g, the number of 10Be in the sample is 15 000
(Figure 6). It is low but still detectable. However the possible erosion, vegetation,
shielding and snow reduce the number of formed 10Be atoms and the sample from 3
m depth may not be the best choice unless the sample size is increased.
Notice that even if the misfit value is smaller with deeper samples, it does not mean
that it is absolutely better to take sample below the surface. The misfit value de-
pends greatly on depth because the way it was determined (Equation 3.11). The
value is not normalized with the concentration but with the number of points com-
pared to each other. It means that the misfit is still depending on the concentration
and it may not be wise to compare misfit values of different depth samples to each
other without normalizing the value with concentration. The misfit value can be
used in comparison if the samples are at the same depth.
Using a depth profile while sampling might be a wise choice if the detection limit
of the measurements is sensitive enough. The depth profile reduced the number of
accepted models, and they were concentrated near the expected values (Figure 29).
The number of inverse solutions in there was small, as mentioned before, so the
cluster may have been coincidental, but all in all, the result is promising. It clearly
showed that if the samples were taken from multiple depths, the range of accepted
models is much smaller than if there would be just one sample from the surface.
The advantage of the depth profile would also be that it might reveal the range for
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total exposure duration and amount of erosion when the last deglaciation is known.
The depth profile would not still reveal the total exposure history of the sample,
but it would certainly provide more information of the erosion during the glaciation
and it would give some range also for the timing of the previous glaciation.
Maybe the most significant benefit of the depth profile is that it could provide an
estimation of erosion by using just one isotope. Usually, the amount of erosion is
detected using paired nuclides, but the depth profile would allow the detection just
with one isotope. This is an advantage if the measurements can not be done with
multiple isotopes or there is no experience of using paired nuclides.
If the real measurements would be done with a depth profile, the road cuts could
be used a nice option for that. Typically, at least in Finland, the road cuts are
relatively young, about 100 years old. If the used isotope would be 10Be, the amount
of nuclides produced in the cut surface would be about 400 atoms. The significance
of this number would depend on how deep samples would be used. Near the surface
400 atoms are not significant, but at 4 m is will cause a large uncertainty. If the
road cuttings and the depth profile would be used, the cut should be as fresh as
possible. It would also be wise to calculate how many atoms the deeper samples
would theoretically have to avoid misleading results.
5.4 Limitations and sources of error
The forward and the inverse models do have several limitations, which effects to the
results if they are used together with real samples. At this point, the models do
not take into account any kind of shielding. It is assumed that the sampling surface
would be infinitely exposed without any topography differences. Also, the possible
coverage caused by vegetation was not considered. In Finland, one important factor
during winters is a snow cover, which affects to the measured concentrations and
was not taken into account. The final shielding type which was not included was the
shielding effect of the sea right after the glacier retreated. Most likely, the surface
was not exposed straight to the cosmic rays, but instead, it was covered with water.
The models have a possibility to include constant erosion rates during interglacials,
but that was not used in any of the models. It was assumed that the erosion in
Finland would be negligible. It would still have some influence on the concentrations,
even if the rate was small.
One rather important thing in the models is the values of constant parameters.
They are determined with experiments, but because the sampling sites and locations
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are different, they may not be correct in Finnish settings. It is possible that, for
example, the production rates would have different values in here than what they
have in Norway where the determination was done. On the other hand, the latitudes
of Norway are in the same range than in Finland, so there should not be too much
difference because of that. Also, there might be some uncertainties in the path
parameters that have quite large part in the calculations.
The models themselves have a few weaknesses. The first one is that the sampling
was done from a synthetic forward model, and then the curve was compared to the
inverse solutions. In real life, there will not be a forward solution that can be used,
so the comparison can not be done that way, and the determination of the misfit
must be changed. The new acceptance method should only consider the acceptance
box and then compare the inverse solution curve to that one sample point. I believe
that this problem could be solved and then the real samples could be accepted as
input values in the inverse model.
The other weakness in the models is that the maximum timing may have been
limited too much. In most of the models, it was limited to 50 ka, which may be
too small value. It was done to get more accepted solutions, but at the same time
it may have caused some solutions to be left out. In three and four exposure cases,
the longer maximum value could have revealed some interesting solutions.
5.5 Future work
Future studies related to the models I created could adjust the models to a more
realistic direction by adding details. The models should take into account all kinds
of shielding such as snow coverage, vegetation, sloping surfaces and the early sea
coverage. It would also be useful to rework the code to accept the sample depth and
concentration when calculating the inverse solution. The path parameters and other
constants should be chosen from areas as close as possible to the possible sampling
site to be sure that they are as correct as possible.
Future work could also include the real testing of the code with samples. It would be
necessary to study if the code works properly. The code could be studied together
with a sample, which glaciation history is known. That could reveal if the accepted
inverse solutions are even near the correct history. There should be more than one
sample and preferably, at least one of the samples should not be from the surface.
If the code would be working correctly, it could be used to study local glaciation
histories and erosion rates. Most likely, the deglaciation in a small area has occurred
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at the same time, but the amount of erosion may not be the same. There might be
a case, where the erosion has been strong on top of the hill, but much smaller on
the side of the hill. In reality, the exposure time would be the same for both of the
samples, but because of the different amount of erosion, the measured ages would be
different. The erosion has removed more inherited nuclides on top of the hill than
on the side of the hill, which would cause the difference. Presumably, the ages on
top would be younger than on the side. This difference in age and in the number of
nuclides could be used to estimate the erosion what that area experienced.
The sampling with a depth profile would also be an interesting thing to study. If the
profile would limit the amount of erosion and the deglaciation time is known, the
study could provide new information of the amount of erosion during glaciations in
Finland by using just one isotope. If the study would also have two target isotopes,
the reliability of the results could be confirmed. Usually, the paired nuclides are
used to determine the erosion rates, so when the deglaciation and the erosion would
be known, the past glaciations could be studied with even more certainty.
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6 Conclusions
This study was aimed to find out if terrestrial cosmogenic nuclides could be used to
study past glacial histories based on the nuclide concentrations. The concentrations
were modelled with a forward model that took into account the exposure history of
the rock and the erosion during the glaciation. Then the inverse model was used
to find out possible glaciation histories that fit in the artificial samples, which were
based on the forward model. The past histories were detected if the constraints for
the inverse model were strict enough. If there was no constraints, the glaciations
could not be detected. Depth profile used in sampling could limit the possible range
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Appendix B: Additional three and four exposure
models
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Realistic exposure history without erosion, 
 three exposures, no constraints
Figure B1. Realistic history without erosion compared to the three exposure models (Section
4.3). The limitation for the maximum duration of the model was 50 ka and the maximum erosion
was 4.0 m in one glaciation. The models can have erosion, even if the reference model did not
have. Each dot presents one model and its color corresponds to its misfit value so that darker color
means smaller and better misfit. The blue dashed line presents the value used in the reference
model. Density functions are shown adjacent to the axes for each parameter. A. The first glaciation
and deglaciation do not reach a clear section of small misfit values. B. The second glaciation and
deglaciation are more concentrated below 35 ka. The deglaciation do not fit to the deglaciation
in the reference model C. The last deglaciation has smallest misfit values around 20 ka. The total
exposure duration has values from 20 ka to 45 ka. D. Erosion values during glaciations do not
cumulate to any value.
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Realistic exposure history without erosion, 
 four exposures, no constraints
Figure B2. Realistic history without erosion compared to the four exposure models (Section 4.3).
The limitation for the maximum duration of the model was 50 ka and the maximum erosion was
4.0 m in one glaciation. The models can have erosion, even if the reference model did not have.
Each dot presents one model and its color corresponds to its misfit value so that darker color means
smaller and better misfit. The blue dashed line presents the value used in the reference model.
Density functions are shown adjacent to the axes for each parameter. A. The first glaciation
and deglaciation do not reach a clear section of small misfit values. B. The second glaciation
and deglaciation are not cumulated to any value. C. The third glaciation and deglaciation are
more concentrated below 35 ka, but the is not clear trend for the minimum misfit. D. The last
deglaciation is cumulated near 20 ka, while the total exposure duration does not have any kind
of trend. E. Erosion values during the first and second glaciation are varying almost uniformly
between 0 and 4 m. F. Erosion during the last glaciation varies also quite much and is not
concentrated to any value.
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Three exposures, tied 10 ka, 2 m erosion
Figure B3. Three exposure models with tied last deglaciation and constant erosion (Section
4.4.1). The maximum exposure time was limited to 50 ka. Each dot presents one model and its
color presents its misfit value so that darker corresponds to a smaller and better misfit value. The
blue dashed line presents the parameter values used in the reference model. Density functions are
shown adjacent to the axes for each parameter. A. The first glaciation and deglaciation do not have
a clear dependency of each other. B. The second glaciation and deglaciation are proportional to
each other. C. The second deglaciation and the toal exposure time have some kind of dependency
of each other. The best fit is reached when the total exposure time is at least 20 ka and the
deglaciation 20 ka.
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Four exposures, tied 10 ka, 2m erosion
Figure B4. Four exposure models with tied last deglaciation and constant erosion (Section 4.4.1).
The maximum exposure time was limited to 50 ka. Each dot presents one model and its color
presents its misfit value so that darker corresponds to a smaller and better misfit value. The
blue dashed line presents the parameter values used in the reference model. Density functions are
shown adjacent to the axes for each parameter. A and B. The firsts and seconds glaciations and
deglaciations are not depending each other with a clear pattern. C. The third, and last, glaciation
and deglaciation have a linearly increasing dependency. D. Similarly to the three exposure models,
the best fit of the last deglaciation and the total exposure time is gained when both of them are
over 20 ka.
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Three exposures, tied 10 ka, 2 m erosion, 2 m sample
Figure B5. Three exposure models with tied last deglaciation, constant erosion and sampling
depth of 2.0 m (Section 4.4.1). The maximum exposure time was limited to 50 ka. Each dot
presents one model and its color presents its misfit value so that darker corresponds to a smaller
and better misfit value. The blue dashed line presents the parameter values used in the reference
model. Density functions are shown adjacent to the axes for each parameter. A and B. The firsts
and seconds glaciations and deglaciations are not depending each other with a clear pattern. C.
The third, and last, glaciation and deglaciation have a linearly increasing dependency. D. The best
fit of the last deglaciation and the total exposure time is gained when both of them are over 20 ka.
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Four exposures, tied 10 ka, 2 m erosion, 2 m sample
Figure B6. Four exposure models tied last deglaciation, constant erosion and sampling depth of
2.0 m (Section 4.4.1). The maximum exposure time was limited to 50 ka. Each dot presents one
model and its color presents its misfit value so that darker corresponds to a smaller and better
misfit value. The blue dashed line presents the parameter values used in the reference model.
Density functions are shown adjacent to the axes for each parameter. A and B. The firsts and
seconds glaciations and deglaciations are not depending each other with a clear pattern. C. The
third, and last, glaciation and deglaciation have a linearly increasing dependency. D. Similarly
to the three exposure models, the best fit of the last deglaciation and the total exposure time is
gained when both of them are over 20 ka.
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Three exposures, tied 10 ka, random erosion
Figure B7. Three exposure models with tied timing of last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion (Section 4.4.2). The maximum exposure time
was limited to 50 ka. Each point presents one model and its color refers to the misfit value. Darker
color means a smaller and better misfit value. A. The first deglaciation and glaciation have several
combinations when the smallest misfit is reached. They are widely distributed, mainly between 20
and 50 ka. B. The second deglaciation and glaciation are concentrated more below 30 ka. They
have also several combinations where the best misfit is reached. C. The first erosion, during the
first glaciation, and the total exposure time are randomly orientated. Erosion have values from
0 to 4 m and total exposure time varies between 10 and 50 ka. D. The last erosion and total
exposure time have some kind of pattern, that can be recognized from the two exposure case. It
is not logarithmic as obviously than the two exposure case.
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Four exposures, tied 10 ka, random erosion
Figure B8. Four exposure models with tied timing of last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion (Section 4.4.2). The maximum exposure time
was limited to 50 ka. Each point presents one model and its color refers to the misfit value.
Darker color means a smaller and better misfit value. A-B. Glaciation as a function of the previous
deglaciation. There is not any obvious combination for the smallest misfit and the values are
distributed to a large area in both figures. C. The first erosion as a function of total exposure time.
The values are scattered randomly between the boundary conditions, erosion 0 to 4 m and total
exposure time 10 to 50 ka. D. The last erosion and the total exposure time might have also the
same logarithmic connection than in the two and three exposure cases.
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Three exposures, tied 10 ka, random erosion, sample 2.0 m
Figure B9. Three exposure models with tied timing of the last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion (Section 4.4.2). Sampling depth is 2.0 m. The
maximum exposure time is limited to 50 ka. Each dot presents one model and its color presents the
misfit value so that darker corresponds to a smaller and better misfit value. The blue dashed line
presents the parameter values used in the reference model. Density functions are shown adjacent to
the axes for each parameter. A and B. Deglaciation and glaciation are scattered and the minimum
misfit is reached at several occasions. C. The first erosion and total exposure time are scattered
to rather wide area. No clear indication of the small misfit zone. D. The last erosion and the total
exposure time has a small misfit zone that increases linearly.
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Four exposures, tied 10 ka, random erosion, sample 2.0 m
Figure B10. Four exposure models with tied timing of the last deglaciation and randomly selected
erosion fitted to realistic history with 2.0 m erosion (Section 4.4.2). Sampling depth is 2.0 m. The
maximum exposure time is limited to 50 ka. Each dot presents one model and its color presents the
misfit value so that darker corresponds to a smaller and better misfit value. The blue dashed line
presents the parameter values used in the reference model. Density functions are shown adjacent
to the axes for each parameter. A , B and C. Deglaciation and glaciation are scattered and the
minimum misfit is reached at several occasions. D. The first two erosions have widely spread values
without a minimum misfit area. E. The last erosion and the total exposure time are somewhat
concentrated, erosion below 2 m and total exposure time between 20 and 30 ka. Not as clear trend








































Three exposures, 2 m erosion





























































Figure B11. Three exposure models with constant 2.0 m erosion in the end of every glaciation
fitted to realistic history with 2.0 m erosion (Section 4.4.3). The maximum exposure time was
limited to 50 ka. Each point presents one model and its color refers to the misfit value. Darker
color means a smaller and better misfit value. A. The first glaciation starting time and the first
deglaciation time do not have a clear pattern of accepted combinations. The best fit is reached
almost with any combination where the deglacation has larger value than glaciation. B. The second
glaciation and deglaciation has a similar kind of pattern, except the values are concentrated to
smaller times. C. Total exposure time and the last deglaciation has some kind of trend. When the
total exposure time is increasing the last deglaciation is slightly decrasing. The best fit is reached
with multiple combinations, but it seems that most of the values are in the range of 9.5 to 10.5 in















































Four exposures, 2 m erosion

















































































Figure B12. Four exposure models with constant 2.0 m erosion in the end of every glaciation fitted
to realistic history with 2.0 m erosion (Section 4.4.3). The maximum exposure time was limited to
50 ka. Each point presents one model and its color refers to the misfit value. Darker color means
a smaller and better misfit value. A. The first glaciation and deglaciation have values from wide
range since both of them vary from 20 to 50 ka. B. The second glaciation and deglaciation has
rather similar pattern than in the A except the values are concentrated to smaller numbers, below
30 ka. C. The third glaciation and deglaciation follow the same pattern than the previous two
but the values are even more concentrated below 20 ka. D. The total exposure time and the last
deglaciation has a trend where the best fit is found when the deglaciation remains between 10.0
and 10.6 ka while the total exposure time varies from 10 to 40 ka.
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Three exposures, no erosion
Figure B13. Three exposure models without erosion fitted to realistic history with 2.0 m erosion
(Section 4.4.4). The maximum exposure time was limited to 50 ka. Each point presents one model
and its color refers to the misfit value. Darker color means a smaller and better misfit value. A. The
timing of the first glaciation and the first deglaciation are distributed between 10 and 50 ka. The
glaciation is more clearly concentrated under 30 ka than the deglaciation. The best misfit values
are gained with multiple very different combinations. B. The second glaciation and deglaciation
has a linear kind of trend which reminds the two exposure case in Figure 25B. The lowest misfit
values are mostly concentrated in the area where the deglaciation and glaciation are smaller than
20 ka. C. Total exposure time and the last deglaciation are widely scattered. The total exposure
time is concentrated below 20 ka, but it still have good fits even over 40 ka. Last deglaciation
varies between 0 and 11 ka.
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Four exposures, no erosion
Figure B14. Four exposure models without erosion fitted to realistic history with 2.0 m erosion
(Section 4.4.4). The maximum exposure time was limited to 50 ka. Each point presents one model
and its color refers to the misfit value. Darker color means a smaller and better misfit value. A and
B. The first two glaciations and deglaciations are widely scattered. C. The third glaciation and
deglaciation are strongly concentrated below 20 ka, where is also most of the small misfit values.
D. The total exposure time has a rather large range. It varies from 10 to 50 ka, but most of the
best fitting values are below 30 ka. The last deglaciation varies from 0 to 11 ka.
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Three exposures, no constraints
Figure B15. Three exposure models without constraints fitted to realistic history with 2.0 m
erosion (Section 4.4.5). The only limitations were the maximum erosion of 10.0 m and the maximum
duration of 100.0 ka. Each point presents one model and its color refers to the misfit value. Darker
color means a smaller and better misfit value. A and B. The first two glaciations and deglaciations
have multiple combinations where the misfit value is small. C. The last deglaciation has the best
fit around 10.5 ka, while the total exposure time varies from 10 to 90 ka. D. Erosions during the
deglaciations do not have a clear trend. Their values vary from 0 to 10 m.
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Four exposures, no constraints
Figure B16. Four exposure models without constraints fitted to realistic history with 2.0 m
erosion (Section 4.4.5). The only limitations were the maximum erosion of 10.0 m and the maximum
duration of 100.0 ka. Each point presents one model and its color refers to the misfit value.
Darker color means a smaller and better misfit value. A, B and C. The first three glaciations and
deglaciations have multiple combinations where the misfit value is small. D. The last deglaciation
has the best fit around 10.5 ka, while the total exposure time varies from 10 to 90 ka. E and F.
Erosions during the deglaciations have a great variation in their values. There is no a distinct
pattern that could be recognized.
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